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ous turbulence with different turbulent Mach numbers, extending the previous studies
by considering the effect of compressibility. Our results show that, for both one-
dimensional (1D) stationary turbulence and two-dimensional (2D) decaying isotropic
turbulence, the turbulent energy spectra are significantly changed due to thermal
fluctuations below the spatial scale comparable to the turbulent dissipation length
scale. The energy spectra caused by thermal fluctuations for different spatial dimen-
sions d present different scaling laws of the wavenumber k as k@=1). For 2D cases, we
show that the effect of thermal fluctuations on the spectrum of compressible veloc-
ity component is greatly affected by the change of compressibility. The 2D spectra of
density, temperature and pressure are also obtained, showing the same scaling law

at large wavenumbers as found for the energy spectra. Moreover, it is found that the
effects of thermal fluctuations on the thermodynamic spectra are the same as those on
the spectra of compressible velocity component.
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1 Introduction

Turbulence is characterized by the random fluctuations of flow fields in both space and
time [1]. It is known that the spectrum of turbulent velocity fluctuations inherently
reflects the so-called “energy cascade’, which describes the successive transfer of turbu-
lent kinetic energy (TKE) from the largest scales to the smaller ones. The characteristic
length scale below which TKE is dominantly dissipated by the viscosity is defined as the
Kolmogorov length scale [1, 2]
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where v is the mean kinematic viscosity, and ¢ is the mean dissipation rate per unit mass.

As the scale of turbulence continuously decreases, it is natural to ask whether the
molecular effects contribute to the turbulent motions. This question for gases can be
roughly answered by estimating the ratio of the molecular mean free path, 4, to the
Kolmogorov length scale as [2, 3]

M;
ReT1/4 ’ (2)
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where M; is the turbulent Mach number, Re7 is the turbulent Reynolds number, and C
is a constant in the same order of magnitude as 1. Equation (2) indicates that n > Auic
for low-Mach-number, and high-Reynolds-number turbulence. Under this condition,
it is widely believed that the microscopic molecular motions have negligible effects on
the macroscopic turbulent fluctuations, and the Navier-Stokes (NS) equations can accu-
rately describe the turbulent fluctuations at all scales.

However, there have been a few researches presenting a different point of view. In the
seminal work of Betchov [4, 5], he anticipated that the spontaneous thermal fluctuations
resulted from molecular motions would act on length scales larger than the molecular
mean free path and may have significant effects on the dissipation range of turbulence.
Note that this conjecture cannot be validated based on the deterministic NS equations.

To investigate the effect of thermal fluctuations on turbulent flows, one can turn to the
fluctuating hydrodynamic equations, which were first proposed by Landau and Lifshitz
[6]. By adding stochastic fluxes into the deterministic hydrodynamic equations, the fluc-
tuating hydrodynamic equations are capable of describing the thermal fluctuations at
the mesoscopic level 7, 8]. Recently, Bell et al. [9] simulated the three-dimensional (3D)
incompressible homogeneous isotropic turbulence by solving fluctuating Navier-Stokes
(ENS) equations. They found that in the turbulence dissipation range, the exponentially
decaying turbulent kinetic energy spectrum predicted by the deterministic NS equations
[10, 11] is altered by the thermal fluctuations, which result in the spectrum growing
quadratically with the wavenumber k. The crossover wavenumber k. at which the ther-
mal fluctuations start to dominate the spectrum is in the same order of magnitude as
the Kolmogorov wavenumber k;,. Besides, the strong intermittency in the turbulence far-
dissipation range predicted by the deterministic NS equations [12, 13] is also replaced by
the Gaussian thermal equipartition [9, 14].

Since thermal fluctuations are inherently caused by molecular random motions, the
molecular-level simulation approaches, such as the molecular dynamics (MD) method
[15, 16] and the direct simulation Monte Carlo (DSMC) method [17], can provide a
more straightforward and physically reasonable way to study the effect of thermal fluc-
tuations. MD is a deterministic method which simulates the movement of physical real
molecules/atoms following Newton’s equations of motion [15]. The interactions between
molecules/atoms are accurately calculated based on the interatomic potentials. In con-
trast, the DSMC method is a stochastic approach, in which each simulated molecule
statistically represents a fixed number of real molecules [17, 18]. Besides, the intermo-
lecular collisions in the DSMC method are treated stochastically using phenomenologi-
cal models [19]. These characteristics make the DSMC method much more efficient than
MD in simulating gas flows. Theoretically, the DSMC method is proved to be a particle
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algorithm for solving Boltzmann equation of monatomic gases [20], and this method has
been successfully applied to investigate the thermal fluctuation phenomena [21-26].

With the rapid development in high performance computing, it has become possible
to use the DSMC method to study continuum flow problems, such as the hydrodynamic
instability [27-30] and turbulence [31-35]. For turbulence simulations, previous studies
have demonstrated that the turbulent statistics obtained by the DSMC method, such as
TKE and ¢, are in good agreement with those obtained by the direct numerical simula-
tion (DNS) method based on the deterministic NS equations [31, 33]. To further study
the effect of thermal fluctuations on turbulence, McMullen et al. [35] simulated the 3D
decaying Taylor-Green (T-G) vortex flow, and they obtained the same k? dependence
energy spectrum at the large wavenumbers as that predicted by the FNS calculations
[9], indicating the significant effect of thermal fluctuations on the turbulent dissipation
range. It is also found that, at the late stage of T-G flow decay, the velocity field simulated
by DSMC shows great irregularity comparing to that obtained from the deterministic
DNS method [33], and this irregularity is caused by the thermal fluctuations.

It is worth noting that the previous works on the effect of thermal fluctuations on
turbulence [9, 14, 35] mainly focus on the incompressible turbulence, and the discus-
sions are limited to the turbulent velocity fluctuations. For compressible turbulence, the
divergence of the velocity field is non-zero, leading to the compression and expansion
effects of the velocity field in addition to the shear and eddy motions [36, 37]. Besides,
a unique feature of the compressible turbulence is the fluctuations of thermodynamic
variables, such as density, temperature, and pressure [38]. The coupling between fluc-
tuating thermodynamic variables and the turbulent velocity field has been widely stud-
ied based on the compressible deterministic NS equations [38—43]. Considering the
molecular effect on turbulence, it is noteworthy that the Kolmogorov length scale may
get close to the molecular mean free path at large turbulent Mach numbers (see Eq. (2)).
This implies that the local thermodynamic equilibrium (LTE) assumption inherent in the
ENS equations may break down, especially when shocks occur in the high-Mach-num-
ber turbulence [14]. Since the DSMC method makes no assumption of LTE [35], it can
be employed to simulate highly compressible turbulence with strong nonequilibrium
effects.

In this work, the DSMC method is employed to simulate the homogeneous compress-
ible turbulence. The aim of this work is to study the effect of thermal fluctuations on
turbulence with different M;, by examining the spectra of both the velocity and ther-
modynamic variables. Specifically, the one-dimensional (1D) stationary turbulence
is simulated, and the effect of thermal fluctuations on the turbulent energy spectra is
investigated. Then, the two-dimensional (2D) decaying isotropic turbulence is simulated.
By applying the Helmholtz decomposition to the velocity field [40], the effect of thermal
fluctuations on the solenoidal and compressible velocity components can be investigated
separately. The spectra of the fluctuating thermodynamic variables are further studied.

The remainder of this paper is organized as follows. In Section 2, we briefly introduce
the DSMC method, and then we describe some basic theories of thermal fluctuations
under the DSMC framework. In Sections 3 and 4, we present our numerical investiga-
tions for the 1D stationary turbulence and the 2D decaying turbulence, respectively.

Conclusions are drawn in Section 5.
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2 Methodology

2.1 DSMC method

In this work, we employ the direct simulation Monte Carlo (DSMC) method [17] to
simulate homogeneous turbulence of gases. Figure 1 shows the schematic of DSMC
simulations, where the simulated molecules (displayed by orange spheres) move and
collide with each other in a 3D periodic domain. As mentioned before, each simulated
molecule statistically represents a fixed number F of identical real molecules, and F is
the so-called simulation ratio [31, 35].

Although the simulated molecules move in a 3D computational domain, we can
simulate 1D and 2D turbulent flows by dividing the domain into different types of
computational cells. As shown in Fig. 1, the computational domain is divided into
cells only in the y direction for 1D flow simulations, while both x and y directions
are divided into cells for 2D flow simulations. The macroscopic gas properties are
obtained locally for each cell by taking the instantaneous average of the correspond-
ing molecular information [17, 18]. Specifically, the local number density # and mac-

roscopic velocity # are given by

N,F
n=-"-— (3)
Vcell
NP
> G
= (4)

0= T,

P
where N, is the number of simulated molecules in the computational cell, V., is the vol-
ume of the computational cell, and ¢; is the molecular velocity. Note that the simulation
ratio F appears in the numerator of Eq. (3), so n represents the number density of the
real gas. For single-species gas, the mass density p can be calculated as p = nm, where m
is the molecular mass. We further define the molecular thermal velocity as Ci=¢—1i,

and the local temperature 7T can be calculated as [17]
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Fig. 1 Schematic diagram of DSMC simulations for 1D (left) and 2D (right) turbulence. The simulation
domain is displayed in the x — y plane
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where kg is the Boltzmann constant. Assuming that the gas satisfies the ideal gas law, the
local pressure P can be further calculated as P = nkgT.

For the applications of the DSMC method, the first step is to generate simulated
molecules according to the initial macroscopic conditions of the flow field. The fol-
lowing steps implement two sequential processes in each calculated time interval, i.e.,
the molecular motions and intermolecular collisions, which are assumed to be uncou-
pled. While the molecular motions are performed deterministically according to the
molecular instantaneous velocities, the intermolecular collisions are implemented in
a stochastic way based on the phenomenological models. Specifically, the widely used
no-time-counter (NTC) technique [17] is employed to randomly choose molecules in
the same cell as collision pairs, and the variable soft sphere (VSS) model [19] is used
to determine the post-collision velocities of molecules.

In this work, we simulate turbulent flows of the argon gas, whose molecular mass
m = 6.63 x 10720 kg. The VSS model parameters of argon are shown in Table 1, where
dyer is the reference collision diameter at the reference temperature 7)., @ represents
the scattering angle distribution of the collision, and w is the so-called viscosity index.
The local dynamic viscosity u is calculated as [18]

T \®
W= [ref ?@f ’ (6)

where e = 2.117 x 107> Pa-s is the reference viscosity of argon at T,g=273.15 K

[17]. The local thermal conductivity « is determined from the viscosity  as [18]

MUy
K=y (7)

where y = 5/3 is the specific heat ratio, ¢, = 3R/2 is the isochoric specific heat, R is the
specific gas constant, and Pr = 2/3 is the Prandtl number. Using the VSS model param-
eters, we can further estimate the mean collision rate per molecule as [17]

1

wkpT, 1T\

Vinic = 4-dref2n<n/lref) (Tf) ’ (8)
re

and the molecular mean collision time is calculated as T = 1/v,,;.. The molecular mean
free path is defined as 4,4 = Cy, 7, where Cy, = /8kgT /mm denotes the average ther-
mal speed of molecules.

Table 1 VSS parameters of argon [17]

Trer (K) dref (A) a @

273.15 411 1.40 0.81
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All the DSMC simulations are performed in the open-source code SPARTA [30, 44],
which has been widely used in the simulation of rarefied gas flows as well as turbulent flows
[31-35]. It should be emphasized that, to ensure the simulation accuracy, the simulation

time step needs to be smaller than 7, and the cell length needs to be smaller than 4 [45,
46].

2.2 Spatial correlation of thermal fluctuations
In this subsection, the basic theory of thermal fluctuations under the framework of DSMC
simulations is introduced. In general, the fluctuation of a macroscopic property a is defined
as the deviation of its local instantaneous value from its mean, i.e., $a(7, t) = a(7,t) — (a).
For gases at global thermodynamic equilibrium, fluctuations arise spontaneously due to the
random thermal motions of molecules [24, 26].

According to the equilibrium statistical mechanics [47-49], the mean square value of the
y-component velocity fluctuations for a DSMC simulation cell is given as

A kp(T)
<(8uy) > B Vcell(lo), (9)

where (T') and (p) are the mean temperature and mass density, respectively. For gases at
equilibrium, the velocity components are independent and identically distributed, so Eq.
(9) also holds for du, and 8u, [47]. For thermal fluctuations of the number density, tem-

perature and pressure, their mean square values are given as

2
(om?) = 7”"3‘7; w (10)
2 kg(T)?
<(8T) > B vacell<p> (11)
A vks(T)
<(5P) > = (12)

respectively, where () is the mean number density, k7 = 1/(P) is the isothermal com-
pressibility of the ideal gas, and (P) is the mean pressure.

In this work, we focus on the spatial correlation of fluctuations at two DSMC cell points
71 and 7. Due to the spatial homogeneity of fluctuations, the two-point autocorrelation
function (8a (71, t)da(7, t)) only depends on the relative distance 7 = 7, — 71 [1]. For gases
at equilibrium, the thermal fluctuations are generally delta-correlated [48], that is,

Ra(P) = (ati, sala, ) = ((6a)? )35, (13)

where §; is defined as

1,7=0
5;:{0’7#0. (14)
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To calculate the spectra of thermal fluctuations, we employ the discrete Fourier
transform (DFT) of 1D and 2D as [50]

N,—1

1D : Alkygy) = > “(/’yAy)eii(%)jyky
Fla@r)} = Ak) = P Ne—1N,—1 g g asgpy
2D : Alkequ kygy) = Y. > a(jxAx,jy Ay)e (R irkbirky)
jx=0 j,=0

(15)

where F{-} denotes the DFT, and k= kiqgi (k; =0,1,--- N, — 1) represents the discrete
wave vector. g, gy are the unit wavenumbers in x and y directions, respectively, which
can be calculated as q; = 27 /L;, where L; denotes the length of the simulation domain
for direction i (see Fig. 1). 7 = j;Ai (ji = 0,1,--- N, — 1) represents the discrete space
point, where Ai = L;/N, denotes the cell length of direction i, and N, is the simula-
tion cell number. For 2D DSMC simulations, the numbers of cells divided in the x and y
directions are the same in our work.

The energy spectrum E(k) can be expressed by the DFT of two-point velocity auto-
correlation function [1]:

1D : 2F{Ru,}

2D : L (F{Ru} + F{Ru}) x 27k’ (16)

E(k) = E(’/?’) = {
where the term 27k appears in 2D cases due to the integration of the isotropic spectrum
over the wavenumber sphere surface [1, 51]. By substituting Egs. (9) and (13) into Eq.
(16), one can yield the energy spectrum of equilibrium thermal fluctuations as

kp(T)

E,, (k) 1D %V 5 (p)
k) = ce .
“ 2D : ‘531(12) x 2k (17)

Therefore, it can be concluded that for gases at thermodynamic equilibrium, the 1D
energy spectrum is independent of the wavenumber &, while the 2D energy spectrum
grows linearly with k. Extending this to the 3D cases will lead to the conclusion that
E.,; (k) grows quadratically with & [4, 9, 35, 51]. Similarly, the spectra of fluctuating ther-
modynamic variables can be written as

1D: FiR
Eg (k) = {ZD: FiRﬁ% x 2wk’ (18)

where g stands for the number density, temperature, or pressure. Substituting Egs. (10)
- (13) into Eq. (18) would lead to the same conclusion that the equilibrium spectra of
thermodynamic variables are independent of k for 1D cases, while they grow linearly
with & for 2D cases.

It should be noted that the above derivations hold exactly for physical real gases. Since
in DSMC simulations, each simulated molecule generally represents F real molecules,
this will lead to larger thermal fluctuations due to the limited number of simulated mol-
ecules [33, 35, 49]. This problem can be subtly circumvented in 1D and 2D simulations
as follows. The simulation ratio F is defined as
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_ (M) Veen  (n) LxLyL,

Np) — (Np) (N

(19)

where (x,) stands for the average number of simulated molecules in each DSMC cell,
and d represents the dimension of the simulation. We assume that the values of (n), <Np>
and N, are fixed in Eq. (19). Therefore, for the simulations of 1D turbulence, while L, is
fixed, we can control the values of L, and L, to set F = 1. Similarly, for the simulations of
2D turbulence, while L, and L, are fixed, we can vary the value of L, to set F = 1. In this
way, for both 1D and 2D simulations, each simulated molecule represents exactly one
real molecule, and the DSMC method can reflect the thermal fluctuations of the real gas.

3 One-dimensional stationary turbulence
3.1 Simulation details
In this section, we employ the DSMC method to simulate the 1D stationary homogene-
ous compressible turbulence under large-scale forcing [52]. All the simulations are per-
formed at (T) = 300K and (p) = 1.6 kg/m?, where (T) and (p) are the mean values of
temperature and mass density, respectively. Based on these parameters, the molecular
mean collision time t as well as the molecular mean free path 4,,; can be calculated,
and thus the Knudsen number Kn = Jc/Ly is determined, where L, is the simulation
domain length in the y direction (see Fig. 1). Following the discussions in Section 2.2, the
domain lengths of the other two directions (L, L,) are set equal, and they are controlled
to set the DSMC simulation ratio F = 1. To ensure the simulation accuracy, the simula-
tion time step At is equal to 0.17 and the simulation cell length L..; = Ly/N, is smaller
than Ac.

During one simulation time step, a velocity increment f;At is added to the y compo-
nent velocity of each molecule, where f, is the acceleration caused by the external force.
For this specific case, f; is assumed to be Gaussian with zero-mean and white-in-time

covariance as [52, 53]

10

= Z A(ky) [akysin <ky2;> + bkycos (k;,ii))] ) (20)

k=1

where ky = k/kmin denotes the wavenumber index, kmin = 277 /Ly is the minimum wave-
number in simulations, and Lo = L,/27 is the reference length. aj, and bky are inde-
pendent Gaussian random variables with zero mean and unit variance. The acceleration
amplitude A(k,) is expressed as [52, 53]

D=

A(ky) = ky [exp(—kyz/nfz)/tf , (21)

where ny is the wavenumber index at which the amplitude has peak values, and 7y denotes
the force renewal time nondimensionalized by V},0/Lo, where V)0 = 600 m/s is the refer-
ence y-component velocity. In our simulations, we set n; = 5, and vary 7y to change the
force magnitude. Note that Eq. (20) takes the dimensionless form, and it needs to be
multiplied by Vyyo2 /Lo to obtain the real accelerations exerted on the molecules.
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As mentioned in Section 2.1, the periodic boundary condition is assumed for the
simulation domain. The initial conditions are (T/(T), p/{p), uy/Vyo) = (1,1,1) for
the local macroscopic variables. Driven by the external force, the velocity field will form
shock wave structures, which are the typical features of the 1D Burgers turbulence [52,
53]. To keep the turbulence at the stationary state, the thermostat needs to be imple-
mented in our simulations to prevent the temperature increase due to the turbulence
viscosity dissipation. Specifically, after molecular motions are completed in each time
step, the global macroscopic velocity V and temperature T, are obtained by sampling the
molecular information. Then, the molecular velocity ¢ for each molecule is scaled to get
the new velocity ¢* as [54]

¢ —Vio (T)
¢ — Vi - Tg ’ (22)

where Vo= (Vx,o, V3,0, Vz0) is the reference global velocity.

After the turbulent velocity field reaches the stationary state, the turbulent statistical
properties are obtained by spatial and temporal average. Specifically, TKE is defined as
Koy = 0.5(u’)2, where u/ = <(8uy)2>0‘5 is the root mean square value of turbulent veloc-
ity fluctuations. The turbulent Mach number is defined as

M;

oy (23)

where (c) = < yRT> is the mean speed of sound. The mean dissipation rate ¢ is calcu-
lated as

4 (Ouy 2
= V| — N
¢ 37\ ay (24)
and then the Kolmogorov length scale 1 can be estimated (see Eq. (1)). The Taylor micro-
scale A and the corresponding Reynolds number Re; are defined as [52]
_ u' u' 2

=05 Re; = s (25)

<(8uy/8y ) >

Define L1 = Ky,,,°/% /¢ as the characteristic length scale of the large eddies, and thus

the turbulent Reynolds number can be estimated as Rer = Kg)beT /{v) [1].

Note that Egs. (24) and (25) are originally defined based on the deterministic NS equa-
tions. The stochastic noise inherent in DSMC simulations should be reduced to accu-
rately calculate the velocity gradient [14]. Specifically, the above turbulent statistical
properties are obtained based on the “coarse-grained” cells, rather than the original cells
for DSMC simulations. The number of the coarse-grained cell N, is much smaller than
the original cell number N, so that the signal-to-noise ratio is greatly enhanced to an
acceptable level [16]. Meanwhile, we ensure that the resolution parameter kg max? > 3.3,
where kg max = mNg/Ly denotes the largest wavenumber corresponding to the half
of Nj. Previous studies based on the DNS method have shown that the resolutions of

kg,maxn > 2.0 are sufficient for obtaining the convergent small-scale statistics in highly
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Table 2 Simulated parameters and flow statistics for 1D stationary turbulence. All the simulations
are performed at(T) = 300K and (o) = 1.6kg/m>

Case Kn (10’4) M; T /_y (mm) Ne </\/p> Ng Rer Re; kq,max'?
A 071 053 008 08 16384 1500 2048 6525 666 543
B 284 052 027 02 409 2500 512 1487 314 373
C 284 034 06 02 4096 2500 512 80.0 215 456
D 284 019 18 02 4096 2500 256 431 153 335
1 1
< 0.5 < 0.5
G G
~ 0 ~ 0r
N ~
S 05 S 05
—t=0 —t=152
-1 : -1
0 2 4 6 0 2 4 6
y/L, y/L,
(a) (b)
1 " 1
< 0.5 < 0.5
N aT
~ 0 >~ 0r
~ ~
3 05 R .05} :
—t=104 —t=156
-1 -1
0 2 4 6 0 2 4 6
v/ Lo y/L 0

(c) (d)

Fig. 2 Snapshots of velocity fluctuations for the Case B

compressible isotropic turbulence [40, 55]. Therefore, it is believed that the turbulent
statistics obtained from the coarse-grained cells are comparable to those obtained from
the DNS method. The simulated parameters and the corresponding flow statistics are

shown in Table 2.

3.2 Numerical results

Figure 2 shows the spatial distributions of velocity fluctuations at four instants for
the Case B, where the time ¢ is nondimensionalized by the large eddy turnover time
7 = L1 /u/. At the beginning of the simulation, the velocity fluctuations are entirely
caused by the thermal fluctuations, which are negligible compared to the reference
velocity Vo (see Fig. 2(a)). Then, driven by the large-scale force, the velocity field shows
the typical shock wave structures, which are consistent with those obtained from the
DNS method [52].
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To further verify our simulations, we calculate the turbulent kinetic energy spectrum
as

11
E(k) = §ﬁ|}"{8uy}|2. (26)

Figure 3(a) shows the energy spectra for cases A and B, whose Knudsen numbers are dif-
ferent due to the change of the simulation domain length L,. The abscissa in Fig. 3(a) is
the wavenumber index k;. It can be seen that the energy spectra for both cases show an
inertial range with the scaling law close to -, corresponding to the Burgers-like shock
wave structures of the velocity field [52]. Besides, the spectrum of case A shows a longer
inertial range than that of the case B, because the former owns a larger Re; (see Table 2).

More interestingly, it can be observed from Fig. 3(a) that, as k; increases the spec-
tra no longer vary with &y, which is the feature of thermal fluctuations. As shown
in Fig. 3(b), where the abscissa is the wavenumber k multiplied by the Kolmogorov
length scale 1, the DSMC calculated spectra at large wavenumbers agree well with
the theoretical spectra predicted from Eq. (17). We can further define k. as the
crossover wavenumber [9, 35], beyond which the thermal fluctuations dominate the
energy spectra. As can be seen from Fig. 3(b), for both cases A and B, k; occurs at
ken =~ 6.5, or n/l. =~ 1.03 (I = 2n /k;), which indicates that the thermal fluctuations
have significant effects at spatial scales comparable to the Kolmogorov length scale.
It is worth noting that similar conclusions were also reported by McMullen et al. [35]
and Bell et al. [9] in their simulations of 3D turbulence, where they found k. occurs at
n/l. ~ 0.5.

In Fig. 4, we compare the energy spectra for B, C and D cases, whose Knudsen num-
bers are the same, while the turbulent Mach numbers are different due to the change
of the force magnitude. It can be seen from Table 2 that as M; increases, the tur-
bulent Reynolds number also increases. Since these three cases have the same equi-
librium conditions, their energy spectra converge to the same spectrum of thermal

—Case A —Case A

(a) (b)

Fig. 3 The energy spectra of 1D compressible turbulence in the A and B cases. The abscissa of panel (a) is the
wavenumber index, and the abscissa of panel (b) is the wavenumber multiplied by the Kolmogorov length
scale. The spectra of thermal fluctuations calculated from Eq. (17) are also shown in panel (b) for comparison
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—Case B (M=0.52) —Case B (M =0.52)
106f - .- Case C (M =0.34) .- Case C (M =0.34) ]
Case D (M=0.19) Case D (M=0.19)
_10* _10*
X =
5 3
2 2 k‘ 77
10 Eq.(17) 10 l
kL‘
0 L 0 . L L
10 10
10* 10° 10° 107 108 102 107! 10° 10 10%
k(m™) n

(a) (b)

Fig. 4 The energy spectra of 1D compressible turbulence in the B, C and D cases. The abscissa of panel (a)
is the wavenumber, and the abscissa of panel (b) is the wavenumber multiplied by the Kolmogorov length
scale. The spectrum of thermal fluctuations calculated from Eq. (17) is also shown in panel (a) for comparison

fluctuations with the increase of wavenumber. Meanwhile, Fig. 4(a) shows that as M;
decreases, the crossover wavenumber k. also decreases. This phenomenon can be
qualitatively explained as follows: k. represents the wavenumber at which the energy
of turbulent velocity fluctuations balances with the energy of thermal velocity fluctua-
tions [9, 14]. As can be seen in Fig. 4(a), the cases with lower M; also own the lower
TKE, and thus their energy spectra would reach the spectrum of thermal fluctuations
at a lower wavenumber.

While the crossover wavenumbers are different for cases B to D, it is interesting to
find in Fig. 4(b), that the values of k.1 are almost the same. This is due to the fact that
in our simulations, both /; and n increase as the decrease of M;. To summarize, the
energy spectra of 1D turbulence are greatly affected by the thermal fluctuations at
spatial scales comparable to the 3D cases [9, 35], but the spectral scaling law of ther-
mal fluctuations (k°) is different from that of 3D (k2).

4 Two-dimensional decaying turbulence

4.1 Simulation details

In this section, we extend the DSMC simulations to the 2D decaying isotropic tur-
bulence. Following the discussions in Section 2.2, we set Ly = L, = L for turbulence
simulations (see Fig. 1), while we control the value of L, to set the simulation ratio
F = 1. The numbers of simulation cells N, divided in the x and y directions are the
same. The initial values of density, temperature, and pressure are taken to be uniform
in the whole simulation domain, while the initial divergence-free velocity field follows
the special form of the energy spectrum as [56—58]

as (uh)? [ k\ B! 1./ k\? (2s + 1)*t1
E k = — 0 — —_ — _— , =
©=5"% <kp> exp| =+ ) <kp> s 25! (27)
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where u, = <8ux,02 + 8uy,02>0'5 is the initial root mean square value of turbulent veloc-
ity fluctuations, s is a shape parameter of the spectrum, and k, is the wavenumber at
which the spectrum has peak values. In this work we take s = 3 and k, = 9kp;n, where
kmin = 27 /L is the minimum wavenumber. The macroscopic velocity # is randomly gen-
erated for each cell using the transfer procedures provided by Ishiko et al. [56].

Following the initial energy spectrum, the evolution of the velocity field is charac-
terized by the vortex interactions, generating the so-called “direct enstrophy cascade”
[57, 59, 60]. During the simulations, the turbulent statistical properties at different time
instants are obtained by spatial average. The ensemble average can be further employed
for independent runs following the same initial conditions. Specifically, TKE and M; are
calculated using the same equations as 1D turbulence. The enstrophy and its dissipation
rate are defined as [60, 61]

Q2= o.5<|5)u|2>, £o = 2(0)Pg, (28)

respectively, where @, = V x i is the vorticity, and Po = 0.5<|V X &yl? > is the palin-

strophy. The Taylor microscale and the corresponding Reynolds number are defined as
[61]

A= ((1)2/e0)"?, Re, = 27 eq , (29)

respectively. The enstrophy dissipation length scale is defined as [59, 61]
1/6
ne=(0ea) (30)

in analogy with the Kolmogorov length scale. The global Reynolds number is defined as
Re = u'Ly/(v), where Lo=L/27 is the reference length scale. Similar to 1D turbulence
simulations, the turbulent statistics above are also obtained on the coarse-grained cells
to reduce the stochastic noise.

In order to isolate the effect of compressibility, the Helmholtz decomposition [40—43]
is applied to the macroscopic velocity field as

B4 (31)

where the solenoidal component #* and the compressible component #° satisfy condi-
tions V - i = 0 and V x € = 0, respectively. The turbulent kinetic energy for the sole-
noidal and  compressible component can be further defined as
K, = 0.5< 6u5)? + (5u;)2> and K¢, = o.5<(5u;;)2 n (5u;)2>, respectively.

tu tu

Table 3 Simulated parameters and flow statistics for 2D decaying turbulence at t = 3. All the
simulations are performed with the initial conditions of To = 300 K, o = 1 bar and pg= 1.6 kg/m?

Case  Kng(107%) M M (MK Lmm) N? (Np) N3 Re Re;  kgmaxng
E 25 025 012 308 0227 40962 25 642 948 45 237
F 2.5 0.5 029 326 0.227 40962 25 1282 2317 59 300

G 2.5 1 048 412 0.227 40962 25 1282 3514 74 245
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Table 3 shows the simulated parameters and the corresponding turbulent statistics for
t = 3, where t is the simulation time nondimensionalized by u6 /Lo. Kng and Mo denote
the initial Knudsen number and turbulent Mach number, respectively. Note that in com-
parison to the 1D and 3D turbulence, Re; shown in Table 3 is rather small corresponding
to the direct enstrophy cascade in 2D turbulence [39]. To ensure the DSMC simulation
accuracy, the simulation time step At is smaller than 0.27, and the simulation cell length
Leeyy = L/N, is smaller than /,,;., where t and A,,;. are the molecular mean collision time
and the mean free path estimated based on the spatial mean values of temperature and
density.

4.2 Basic features

Figure 5 shows the temporal evolution of the total kinetic energy Ky, and enstrophy £2
for the case G. Since the Reynolds number is small in our simulations, the decay rate of
Kiurp is larger than that in high-Reynolds-number turbulence [56, 58] due to the stronger
effect of the viscous dissipation. Meanwhile, at ¢ ~ 10, K}, drops by 83%, while £2 drops
by as much as 98%. The similar phenomenon is also found in the incompressible cases
[56], as the decay rate of K}, is bounded by the value of §2 [60, 61].

We define the compressibility factor x as the ratio of the compressible kinetic energy
K¢, to the total kinetic energy K. As can be seen from Fig. 6, all the cases show
x = 0 at the beginning of the simulation, corresponding to the divergence-free initial
velocity field. Then, x rapidly increases, which means that part of the solenoidal kinetic
energy is converted into the compressible kinetic energy. As Mg increases, the maxi-
mum value of x increases from 0.02 to 0.13, which indicates that the compressible veloc-
ity component plays a more important role for a higher M;.

Figures 7, 8 and 9 show the evolution of the vorticity field for cases E - G. It can be seen
that the initial flow field consists of many small vortices, which are randomly distributed

1 . . :
+Kturb(t) / Kturb(o)
——Q(1) / 2(0
ol )/ 2(0)
Bos
:E
g
= 0.4rF
02r
0 1 1 1 i T
0 2 4 6 8 10
t

Fig. 5 Temporal evolution of the normalized turbulent kinetic energy and enstrophy for the case G
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Fig. 6 Temporal evolution of the compressibility factor x = Ky /Kiurp for cases E, F and G
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Fig. 8 Contours of the vorticity field forthe case Fat (@)t =0, (b)t =3,(Q)t =6
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according to the initial energy spectrum. Then, the small vortices start to interact with
each other to form the larger vortices, and the vorticity filaments can be observed [57,
62]. Besides, as M; increases, there might be shock waves formed from the vortex inter-
actions (see Fig. 9(b)), which in turn will significantly change the vortex structure. To
further verify the presence of shock waves, the contours of the normalized values of den-
sity p/(p), temperature T /(T'), and pressure P/(P) for the case G at ¢ = 3 are shown in
Fig. 10, where the severe discontinuities indicate the jumps of thermodynamic variables
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Fig. 10 Contours of the normalized density p/{p) (a), normalized temperature T /{T) (b), and normalized
pressure P/(P) (c) for the case Gatt = 3.

across the shock waves. Meanwhile, it can be observed that the fluctuations of P/{P) are

stronger than those of p/(p) and T /(T). This phenomenon was also reported by Wang

et al. [41] in their simulations of 3D compressible isotropic turbulence with shock waves.
The spectrum of the turbulent total kinetic energy is determined as

wk
B0 =15 (|f{3ux}|2+|f{auy} yz). (32)

To reduce the statistical noise, a short-time average procedure is employed, i.e., the
spectra are averaged over a time scale much smaller than the dissipation time scale
To = 851/ 3, but much larger than the molecular mean collision time. In Fig. 11, we
compare the spectra for cases E, F, and G at t = 3. Note that the case with a higher M;
also corresponds to a higher Re (see Table 3). It can be seen from Fig. 11(a) that, as the
increase of Re, E(k) shows a more distinct inertial range, and its scaling law approaches
the k=3 [ln(k)]_l/ 3 limit, in agreement with the Kraichnan-Batchelor-Leith (KBL) theory
[57,59, 63].

Figure 11(a) also shows that, as the wavenumber increases, the energy spectra grow
linearly with &, which corresponds to the thermal fluctuations. As can be observed from
Fig. 11(b), all the DSMC calculated spectra agree well with the theoretical spectra given
by Eq. (17) at larger wavenumbers. The simulation case with a higher M; has larger
spectral values of thermal fluctuations due to the higher temperature rise (see Table 3).
Comparing Fig. 11(a), (b), one can see that the crossover wavenumber k. decreases sig-
nificantly as the decrease of M;, but its product with the enstrophy dissipation length
scale ng does not change significantly. The k.1 lies between 2.2 and 4, corresponding to
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Fig. 11 The energy spectra of 2D decaying compressible turbulence in the E, F and G cases att = 3.The
abscissa of panel (a) is the wavenumber, and the abscissa of panel (b) is the wavenumber multiplied by
the enstrophy dissipation length scale. The spectra of thermal fluctuations calculated from Eq. (17) are also
shown in panel (b) for comparison

ng /I in the range of 0.35 to 0.64, indicating that the thermal fluctuations dominate the
spectra at spatial scales slightly larger than the dissipation length scale.

4.3 Effect of compressibility on spectra

In the previous sections, our simulation results for both 1D and 2D turbulence show that
the thermal fluctuations dominate the turbulent kinetic energy spectra at spatial scales
comparable to the viscous dissipation length scale, which is in good agreement with the
previous conclusion on 3D turbulence [9, 35]. In this subsection, we extend our simula-
tions of 2D turbulence to study the effect of compressibility on the interactions between
thermal fluctuations and turbulence.

To start with, we decompose the total energy spectrum E(k) into the spectra of sole-
noidal and compressible velocity component, denoted by E*(k) and E€(k) respectively,
in order to separate the effects of thermal fluctuations. In Fig. 12, we present the instan-
taneous results of E(k), ES(k) and E€(k) for cases E - G at t = 3. As can be seen from
Fig. 12, E5(k) almost overlaps with E(k) in the range of kno < 1.2, corresponding to the
relatively small values of the compressibility factor x. As M; increases, the intensity of
E€(k) increases significantly, and the spectra show an inertial range with the scaling law
close to k~2. Note that the reported inertial scaling law of E°(k) for the 2D compressible
turbulence remains controversial in the literature. While some researches reported the
inertial spectra steeper than k2 [36, 39], a recent numerical study by Kritsuk [64] shows
that the inertial scaling law is close to k~2, which corresponds to the acoustic waves in
turbulence. Since in our simulations, the flow field is characterized by shock wave struc-
tures at a higher M; (see Fig. 10), it is reasonable that E¢(k) forms a scaling law close to
k2 [41].

As can be seen from Fig. 12, both E*(k) and E€(k) grow linearly with k at large wave-
numbers, which is the typical feature of thermal fluctuations. In order to study the
effect of thermal fluctuations under different M;, we define k.* and k. as the crossover
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Fig. 12 Energy spectra for the velocity field and its two components att = 3, for the case (a) E, (b) F and (c) G

wavenumbers correspond to ES(k) and E°(k), respectively. As M, increases, k;’ng
remains unchanged around 2.2, indicating that the effect of thermal fluctuations on
ES(k) is insensitive to the change of compressibility. However, this conclusion does not
hold for E€(k), as k.“ng changes significantly from 1.3 to 4 as the increase of M;. Spe-
cifically, at M; = 0.12, the compressibility factor x is so small that E€(k) decays rapidly,
leading to a lower k.°ngo. As M; increases, E°(k) gets closer to E*(k) (see Fig. 12(b) for
M; = 0.29), and then E°(k) will dominate the energy content at high wavenumbers (see
Fig. 12(c) for M; = 0.48), as expected for the highly compressible turbulence [55, 64].
Consequently, k. gradually exceeds k.* as M; increases. The crossover wavenumber &,
for the total energy spectrum E(k) is always determined as the larger value between k.*

and k., as shown in Fig. 12.

Since the compressible turbulence owns distinguishing features of the fluctuations in
thermodynamic variables [38—43], it is of great interest to study the effect of thermal

fluctuations on the spectra of thermodynamic variables under different M;. We calculate

the thermodynamic spectra as

10° 10!
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Eq(k) =

|7 {3} (33)
where g stands for the number density #, temperature T, or pressure P. Figures 13, 14 and
15 show the results of E, (k), E7 (k) and Ep(k) for cases E - G at t = 3. As M; increases,
the spectra for the three thermodynamic variables show the same inertial range scaling
law close to k2. As the increase of wavenumber, the thermodynamic spectra grow lin-
early with &, corresponding to the thermal fluctuations. The DSMC results are in good
agreement with the spectra of thermal fluctuations calculated from Eq. (18) at large

wavenumbers. We define the crossover wavenumbers for the density, temperature, and

Page 19 of 24



Ma et al. Advances in Aerodynamics (2023) 5:3 Page 20 of 24

1022 . . T
........... Case E (Ml: 0.12)
..... Case F (M,=0.29)
sof 3 k2 —Case G (M, = 0.48)
10 :
1018 L
S
Lul
10]6 L
]014 L
12
10
1072 107! 10° 10'
kng

Fig. 15 Spectra of pressure fluctuations for the cases E, F and G att = 3. The spectra of thermal fluctuations
calculated from Eq. (18) are also shown for comparison

Normalized spectrum
Normalized spectrum

Normalized spectrum

10° 107! 1(1)0 10"
kn
(c)

Fig. 16 Normalized spectra of the compressible velocity component, number density, temperature, and
pressure att = 3, for the case (@) E, (b) F,and (c) G

Q



Ma et al. Advances in Aerodynamics (2023) 5:3 Page 21 of 24

pressure as ky, k7, and kp. It is interesting to find that all the values of k,no, kTn0, and
kpng increase from 1.3 to 4 as M; increases, which is consistent with the aforementioned
trend for k.°ng. To further verify the coupling relationship between the spectra of ther-
modynamic variables and the spectrum of compressible velocity component, we com-
pare the instantaneous spectra in Fig. 16 under different M;, following the normalized
rules that the integral of the spectrum over the entire wavenumber range is equal to 1.
It can be seen that all the spectra of thermodynamic variables are consistent with E¢(k),
indicating that the spatial correlations of thermodynamic fluctuations are dominated by
the compressible mode of the velocity field. In this way, the effects of thermal fluctua-
tions on the turbulence thermodynamic spectra under different M; are the same as those
on E€(k).

5 Concluding remarks

In this work, we employed the DSMC method to simulate 1D stationary homogeneous
turbulence and 2D decaying isotropic turbulence at the molecular level, in order to study
the effect of thermal fluctuations on turbulence under different turbulent Mach numbers
M;. Our results show that the DSMC method can obtain the expected turbulent flow
structures, and the spectral scaling laws of the inertial range are consistent with those
obtained based on the deterministic NS equations. More interesting, the DSMC results
predict that the turbulent energy spectra E(k) are greatly affected by thermal fluctuations
in the dissipation range, which obviously cannot be revealed by the deterministic NS
equations.

It is found that the crossover length scale /. at which the thermal fluctuations dominate
E(k) occurs in the same order of magnitude as the viscous dissipation length scale (i for
1D cases, and g for 2D cases), which shows good agreement with the previous conclu-
sion on 3D turbulence [9, 35]. Meanwhile, the wavenumber scaling laws of the energy
spectra caused by thermal fluctuations depend on the spatial dimensions d as k@~

For 2D turbulence, we further decomposed E(k) into the spectra of solenoidal and
compressible velocity components, and the corresponding crossover wavenumbers (i.e.,
k. and k.€) were determined under different M;. It is found that the values of k.*ng are
almost unchanged, while the values of k.“ng; increase significantly with M;, indicating
that the effect of thermal fluctuations on the spectrum of compressible velocity compo-
nent is greatly affected by the change of compressibility.

We also calculated the spectra of density, temperature and pressure for 2D turbulence.
The results show that all the thermodynamic spectra grow linearly with k at large wave-
numbers, revealing the similar effect of thermal fluctuations as found for the energy
spectra. More importantly, it is found that the thermodynamic spectra are dominated by
the compressible mode of velocity field, leading to the fact that the crossover wavenum-
bers for the thermodynamic spectra are the same as k°.

Together with the previous study [35], our work demonstrates that the DSMC
method serves as a powerful tool to investigate the interactions between thermal fluc-
tuations and turbulence, which cannot be described by the deterministic NS equations.
While the present studies are limited to 1D and 2D cases, it will be of great interest to
explore whether the conclusions we drawn can be extended to 3D cases in the future,
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particularly for the compressibility effect. Previous studies of 3D turbulence have shown
that the computational cost of the DSMC method would become notoriously large [31],
so the multiscale stochastic particle methods, such as the particle Fokker-Planck method
[54, 65] or the unified stochastic particle (USP) method [66, 67], are expected to investi-
gate the effect of thermal fluctuations on compressible turbulence with higher computa-
tional efficiency.
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