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Abstract 

This paper describes a theoretical method for reconstruction of the skin friction 
topology in complex separated flows, which is developed based on the exact rela-
tion between skin friction and surface pressure through the boundary enstrophy flux 
(BEF). The key of this method is that a skin friction field is reconstructed from a surface 
pressure field as an inverse problem by applying a variational method. For applications, 
the approximate method is proposed, where the composite surface pressure field 
is given by a linear superposition of the base-flow surface pressure field and the surface 
pressure variation field and the base-flow BEF field is used as the first-order approxima-
tion. This approximate method is constructive in a mathematical sense since a complex 
skin friction field in separated flows can be reconstructed from some elemental skin 
friction structures (skin friction source/sink, vortex and their combinations) by a linear 
superposition of some simple surface pressure structures. The distinct topological 
features, such as critical points, separation lines and attachment lines, naturally occur 
as a result of such reconstruction. As examples, some elemental skin friction structures 
in separated flows are reconstructed in simulations, and the skin friction fields in shock-
wave/boundary-layer interactions (SWBLIs) are reconstructed from pressure sensitive 
paint (PSP) images obtained in wind tunnel experiments.
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Topology, Inverse problem, Variational method, Euler–Lagrange equation, Taylor-
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1 Introduction
Three-dimensional (3D) separated flows are characterized by the skin friction topology 
featured with isolated critical points (nodes and saddles), separation lines and attachment 
lines. Skin friction is one of the fundamental surface quantities (along with surface pres-
sure) in fluid mechanics and aerodynamics. The skin friction topology reveals near-wall 
structures of complex flows. In experiments, to study the skin friction topology, surface oil-
streak visualizations are often conducted, and then the topological structures are identi-
fied and conjectured from oil-streak patterns based on observer’s intuition and experience. 
However, it is difficult to unambiguously infer some topological structures (particularly 
saddles and attachment lines) in skin friction fields by directly observing surface flow 
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visualizations without quantitative image processing and analysis. To deal with this prob-
lem, the critical-point theory in differential dynamical systems, differential geometry and 
surface topology can be adopted to provide a natural framework for a description of the 
flow topology (or the skin friction topology). Legendre [1] and Lighthill [2] considered the 
critical-point theory as a rational framework to describe the skin friction topology in 3D 
separated flows. The topological analysis on the critical points has been elaborated as a 
tool in the experimental and computational studies of various separated flows [3–15].

Lighthill [2] pointed out the applicability of the Poincare-Hopf index theorem as a 
topological constraint on a skin friction field. Hunt et al. [4] extended this approach and 
proposed the topological rules for several separated flow cases. It is generally accepted 
that these topological rules are valid as the consequences of the Poincare-Hopf index 
theorem, and applicable to flow visualizations as necessary constraints to identify some 
hidden critical points that cannot be directly observed in visualizations. Ma and Wang 
[16] gave a generalized Poincare-Hopf index theorem for a vector field on a manifold 
with a non-penetrable boundary, which led to a topological rule for 2D incompressible 
flow that is similar to that given by Hunt et al. [4]. Foss [14, 15] applied the Poincare-
Hopf index theorem to a collapsed sphere with the lateral edges called seams where vec-
tors are required to be tangential to the boundary and considered inflow and outflow 
across the boundary through holes on the sphere. Further, considering a penetrable 
boundary in a skin friction field, Liu et  al. [17] applied the Poincare-Bendixson index 
formula (the P-B formula in short) to various separated flow cases, presenting a con-
servation law between isolated critical points and boundary switch points. The classical 
results, such as the hairy sphere theorem [18, 19], the topological rule given by Hunt 
et al. [4] for junction flows, and Foss’ collapsed sphere method [14, 15], can be derived 
from the P-B formula.

Near-wall flow structures are directly related to the features of skin friction (τ ) and 
surface pressure (p), which are critical to understand the physics of 3D wall-bounded 
complex flows. To reconstruct a near-wall velocity field, a Taylor-series-expansion solu-
tion near a wall in an incompressible viscous flow can be sought by solving the Navier–
Stokes (NS) equations [6, 20]. The coefficients in the series-expansion solution are 
constrained by the NS equations and the continuity equation with the no-slip boundary 
condition [21, 22]. This Taylor-series-expansion method allows reconstruction of several 
typical near-wall flow structures observed in 3D separated flows, indicating that a near-
wall velocity field is solely determined by the skin friction and surface pressure fields 
(simply called the τ - and p-fields) [21, 22]. Further, the τ - and p-fields are intrinsically 
coupled through the boundary enstrophy flux (BEF), providing an extra constraint on 
near-wall flows [23, 24]. From a theoretical perspective, reconstruction of (τ , p)-struc-
tures is critical in order to understand near-wall flows, which is also useful for extracting 
a τ-field from a p-field obtained in pressure sensitive paint (PSP) measurements in high-
speed wind tunnels.

Currently, the topological analysis and Taylor-series-expansion solution of the NS 
equations are the main tools for the studies of complex separated flows when the τ - and 
p-fields are known in experiments and computations. However, our understanding of 
complex separated flows is still very limited. First, a τ-field in complex flows is noto-
riously difficult to determine accurately in experiments and computations [25, 26]. 
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Furthermore, the existing qualitative theories focusing on the criteria of boundary layer 
separations and admissible types of skin friction patterns [27–30] do not provide a con-
venient and feasible way for reconstruction of complex separated flows. Therefore, it is 
highly desirable to develop a theoretical method that is constructive in a mathemati-
cal sense for reconstruction of different types of separated flows in the theoretical and 
experimental analyses.

More specifically, an intriguing question is whether a τ-field in a complex separated 
flow could be reconstructed from a p-field obtained by superposition of some elemen-
tal p-structures such that the near-wall flow structures could be further reconstructed 
by using the Taylor-series-expansion solution of the NS equations. Liu et al. [31] devel-
oped a theoretical method for reconstruction of a τ-field from a p-field that is given by 
superposing the elemental p-structures that occur in complex separated flows. This con-
structive method has several technical aspects. First, the on-wall relation between τ and 
p through the boundary enstrophy flux (BEF) is derived from the NS equations, which 
provides a rational foundation for reconstruction of a τ-field from a p-field in complex 
flows [23, 24]. When the BEF is given (modeled and approximated), a variational method 
is developed to reconstruct a τ-field from a p-field as an inverse problem by solving the 
Euler–Lagrange equation. Further, an approximate method is developed based on a base 
flow with the known BEF, where the pressure field is a superposition of the base-flow 
surface pressure field and a surface pressure variation and the base-flow BEF is used as 
a first-order approximation. This approximate method has been applied to reconstruc-
tion of the elemental τ-structures, including τ-source/sink, τ-vortex and their combina-
tions for complex separated flows [31]. Using the approximate method, Liu et al. [32, 33] 
determined skin friction fields in incident and swept shock-wave/boundary-layer inter-
actions (SWBLIs) based on unsteady PSP images obtained in experiments in supersonic 
wind tunnels.

This paper is organized as follows. After Introduction, in Section 2, the relevant theo-
retical aspects of the developed constructive method are described, including the exact 
relation between skin friction and surface pressure through the BEF, the variational 
method and Euler–Lagrange equation, the approximate method with the superposed sur-
face pressure field and the base-flow BEF field, the Taylor-series-expansion solution of the 
NS equations, and the Poincare-Bendixson index formula. In Section 3, reconstruction 
of the elemental (τ , p)-structures is discussed, including the base flow with the power-
law distributions, τ-source/sink, τ-vortex and their combinations. In Section  4, more 
complex (τ , p)-structures are reconstructed in SWBLIs and the flow over a delta wing. In 
Section 5, the τ-fields in incident and swept SWBLIs are reconstructed from PSP images 
obtained in experiments, revealing the near-2D and conical separation bubbles and the 
formation of the secondary separation bubble (SSB). Finally, the conclusions are made.

2  Relevant aspects of a constructive method
2.1  Relation between skin friction and surface pressure

Although τ and p are conventionally treated as two independent quantities, there is in 
fact an exact relation between τ and p in viscous flows. This on-wall relation between 
p and τ was derived from the NS equations by Liu et  al. [23] using the Taylor-series 
expansion method and Chen et  al. [24] using the method of differential geometry. 
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Theoretically, the coupling structures of τ and p reveal coherent near-wall structures in 
complex flows since near-wall velocity can be completely reconstructed from τ and p by 
using the Taylor-series-expansion solution of the NS equations [21, 22]. On the other 
hand, from a standpoint of measurement, this coupling relation between τ and p can be 
used to extract the τ-fields from PSP measurements.

This on-wall relation in a compressible viscous flow is written in a vector form, i.e., 
[23, 24]

where  f� acts as a source term, which is expressed as 

where � = |ω|2/2 is the enstrophy, ∂/∂n is the wall-normal derivative, ω = ∇ × u is the 
vorticity, K is the surface curvature tensor, θ = ∇ · u is the dilation rate, µ is the dynamic 
viscosity, μθ is the longitudinal viscosity, ∇∂B is a gradient operator on a surface, and n is 
the unit normal vector of the surface. The subscript ∂B in the variables and operators in 
Eq. (2) denotes the quantities on the surface.

Equation (1) represents a formal balance between the surface pressure gradient ∇∂Bp 
projected on the skin friction vector τ and the scalar quantity f� that is originated from 
the diffusion term in the NS equations. In Eq. (2), the first term µ[∂�/∂n]∂B is the bound-
ary enstrophy flux (BEF) and the second term is interpreted as the curvature-induced 
contribution. The term ω∂B · K · ω∂B in Eq.  (2) is formally interpreted as the interac-
tion between the surface curvature and the vorticity on a surface. The quadratic form 
ω∂B · K · ω∂B can be transformed into the standard form ω∂B · K · ω∂B = κ1ω1

2 + κ2ω2
2 

with the two principal curvatures κ1 and κ2 , where ω1 = ω∂B · e1 and ω2 = ω∂B · e2 are 
the vorticity components on the principal directions e1 and e2 . For a concave surface 
with κ1 ≤ 0 and κ2 < 0 (such as concave ellipsoid and cylinder), ω∂B · K · ω∂B < 0 . 
For a convex surface with κ1 ≥ 0 and κ2 > 0 (such as convex ellipsoid and cylin-
der), ω∂B · K · ω∂B > 0 . For a hyperboloid surface with κ1 > 0 and κ2 < 0 , the sign of 
ω∂B · K · ω∂B is undetermined. The ratio between the magnitudes of the second and first 
terms (the curvature and BEF terms) in Eq. (2) is proportional to δc/Rs , where δc is the 
viscous diffusion length scale and Rs is defined as the mean curvature radius of the sur-
face. When the Reynolds number is sufficiently large such that δc/Rs ≪ 1 , the second 
term in Eq. (2) could be neglected. In this case, f� is dominated by the BEF. The third 
term is interpreted as the contribution induced by the temporal-spatial change of the 
fluid density on the surface, which is zero in an incompressible flow.

2.2  Variational solution

Here, a key problem is how to extract a τ-field from a p-field by solving Eq.  (1) as an 
inverse problem when a f�-field is given, which is similar to the optical flow problem 
[34–36]. In the orthographic projection, the surface coordinates on a relatively flat sur-
face are proportional to the image coordinates. Therefore, for convenience of image pro-
cessing, computations for solving Eq. (1) are directly carried out in the image plane. This 
problem is ill-posed since there are two unknowns in the single equation, which belongs 

(1)τ · ∇∂Bp = µf �,

(2)f� = µ
∂�

∂n ∂B

− µω∂B · K · ω∂B + µθ(ω∂B × n) · ∇∂Bθ∂B,
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to a large class of inverse problems in scientific and engineering fields. To deal with this 
problem, a variational formulation with a regularization constraint is used [34]. We con-
sider the following functional on a domain D in the image plane for minimization, i.e.,

Where τ = (τ1, τ2) is a skin friction vector, G = −µf � is a source term, α is a Lagrange 
multiplier that is a pre-set empirical constant in this case, ∇ = (∂/∂x1, ∂/∂x2) is the gradient 
operator in the image plane (i.e., ∇∂B projected on the image plane), and xi(i = 1, 2) are the 
image coordinates. The first term in J (τ ) is the equation term. The second term in J (τ ) is a 
regularization constraint term assuming that a τ-field is sufficiently continuous and smooth.

The optimality condition for J (τ ) → min is

where w = G + τ · ∇p is the equation term, v is a variation (perturbation) to be speci-
fied, and ε is a small amplitude. Further, using Green’s theorem, we know

where n̂ is a unit normal vector on a closed boundary ∂D of the domain D . We consider 
a variation field that satisfies the Laplace equation ∇2

v = 0 with the Neumann condition 
n̂ · ∇v = 0 on ∂D . Further, the Neumann condition n̂ · ∇τ = ∂τ/∂n̂ = 0 is imposed on 
∂D for a τ-field. Therefore, we have

Since D is arbitrary and v is non-zero, the Euler–Lagrange equation is obtained, i.e.,

where ∇2 = ∂2/∂x21 + ∂2/∂x22 is the Laplace operator (note that α/2 is replaced by α 
since α is a free parameter). The Lagrange multiplier α in Eq. (4) acts as an artificial diffu-
sion coefficient that tends to smooth out the solution when it is large. Given a p-field and 
a f�-field, Eq.  (4) can be solved numerically for a τ-field with the Neumann condition 
∂τ/∂n̂ = 0 on ∂D . The standard finite difference method is used to solve Eq. (4), and the 
numerical algorithm is essentially the same as that for the optical flow problem [35–37]. 
The open-source Matlab program package for extraction of a τ-field from a p-field is 
available in the folder ‘OpenSkinFrictionFromPressure_v1’, which is in the GitHub site: 
https:// github. com/ Tians hu- Liu/ Open_ Global_ Flow_ Diagn ostics.

In an error analysis, substitution of the decompositions p = p0 + δp , G = G0 + δG 
and τ = τ 0 + δτ to Eq.  (4) yields an error propagation equation, where δp , δG and 
δτ are errors of p, G and τ , respectively, and p0 , G0 and τ 0 are the non-perturbed 
fields that exactly satisfy Eq.  (4). A formal estimate of the relative skin friction 
error (δτ )N = δτ · N p is [25, 26]

(3)J (τ ) =
∫

D
(G + τ · ∇p)2dx1dx2 + α

∫

D

(
|∇τ1|2 + |∇τ2|2

)
dx1dx2.

dJ (τ+εv)
dε

∣∣∣
ε=0

= 2
∫
D

(
w∇p− α

2∇
2
τ

)
· vdx1dx2

+α
∫
D∇

2(τ · v)dx1dx2 − α
∫
Dτ · ∇2

vdx1dx2 = 0
,

∫

D
∇2(τ · v)dx1dx2 =

∫

∂D

(
n̂ · ∇τ

)
· vdl +

∫

∂D

(
n̂ · ∇v

)
· τdl,

dJ (τ + εv)

dε

∣∣∣∣
ε=0

= 2

∫

D

(
w∇p−

α

2
∇2

τ

)
· vdx1dx2 = 0.

(4)(G + τ · ∇p)∇p− α∇2
τ = 0,

https://github.com/Tianshu-Liu/Open_Global_Flow_Diagnostics
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where ‖‖ denotes a  L2-norm, ‖τ 0‖ is a characteristic value of skin friction, and 
N p = ∇p0/�∇p0� is the unit surface pressure gradient that is normal to an iso-pressure 
line p0 = const. . The first term in the right-hand side (RHS) of Eq. (5) is the contribu-
tion from the elemental error in measurement of G. The second term is the contribution 
from the elemental error in measurement of the surface gradient of p. The third term 
is the contribution from the artificial diffusion of (�τ )N associated with the Lagrange 
multiplier. Since the first term in the RHS of Eq. (5) is proportional to �∇p0�−1 , the rela-
tive error (�τ )N /‖τ 0‖ increases as �∇p0� decreases. The third term is proportional to 
α�∇p0�−2 , indicating that the Lagrange multiplier α must be sufficiently small to reduce 
the error, particularly when �∇p0� is small.

On the other hand, for an ill-posed inverse problem, the variational solution with the 
Lagrange multiplier α is affected by the data error bounded by a positive number δ . The 
error of the solution is proportional to δ/

√
α as δ → 0 [25, 26]. The selected value of 

α depends on δ , i.e., α = α(δ) , which is implied in Eq.  (5). The condition for the solu-
tion convergence is δ2/α(δ) → 0 , indicating that the data error must be reduced when 
α is small. Therefore, two conflicting requirements exit to obtain a smooth and accurate 
solution. In the regions where �∇p0� is small, α should be small based on Eq.  (5), and 
accordingly the data error bound δ must be tightly controlled to insure the accuracy of 
the solution. From this perspective, there may be the optimum value of α . No rigorous 
theory is available to determine the optimum value of α a priori. The selection of α is a 
trial-and-error procedure based on simulations for a specific application.

2.3  Approximate method

Equation (1) is exactly valid instantaneously in relating τ to p through f� . The limita-
tion in applying this equation to extract skin friction is to determine the BEF that is 
defined in the f� term in Eq. (2). In theoretical cases where the BEF is known a priori, 
the variational solution for this inverse problem is feasible [23]. Unfortunately, for 
complex flows, the BEF is a difficult quantity to measure experimentally or determine 
theoretically. Since a f�-field is generally unknown, the solution of Eq. (4) for a τ-field 
in complex flows cannot be readily obtained for a given p-field only. This problem is 
considered as a closure problem in which modeling of f� is required. A successive 
approximation is proposed to obtain a τ-field induced by a surface-pressure varia-
tion imposed on a base flow [31]. Figure 1 shows a flowchart of the iterative approxi-
mate method. First, a known base flow is considered, which satisfies the basic relation 
τ
(0) · ∇p(0) = µf

(0)
�  , where the superscript ‘0’ denotes the base flow as the zeroth-

order approximation. In applications, a base flow could be a relatively simple known 
steady attached flow such as a boundary layer.

Consider a physical situation in which a surface-pressure variation is suddenly 
imposed on the base flow through a certain external process such as an impinging 
shock wave. In this case, a composite surface-pressure field (or a perturbed surface-
pressure field) on a surface is given by

(5)
(δτ )N

�τ 0�
= −

δG

�∇p0��τ 0�
−

(
τ 0

�τ 0�

)
· δN p +

α

�∇p0�2
∇2

[
(δτ )N

�τ 0�

]
,
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where �p is a surface-pressure variation. Therefore, the first-order τ-field denoted by 
τ
(1) can be described by the first-order approximate equation τ (1) · ∇p(1) = µf

(0)
�  , where 

f
(0)
�  is the base-flow BEF. Therefore, a τ (1)-field can be obtained by solving the Euler–

Lagrange equation, Eq. (4), with G = G(0) = −µf
(0)
�  that is known for the base flow. A 

heuristic iteration scheme is G(k) = −τ
(k) · ∇p(k) (k = 1, 2, · · · ) for iterative improve-

ment in successive higher-order approximations, and accordingly the BEF is given itera-
tively by f (k)� = −µ−1G(k).

In the first-order approximation, the base-flow BEF f (0)�  is not affected in a short time. 
The underlying assumption is that the process of establishing a �p-field is much faster 
than that of establishing a f�-field. Since pressure is a result of molecule collisions in 
an equilibrium state, the characteristic timescale of establishing a �p-field is tp ∼ l/as , 
where l is a length scale of a body and as is the speed of sound in fluid. In contrast, 
the physical mechanism of building a f�-field is a viscous diffusion, which has a charac-
teristic timescale t� ∼ δ2/ν , where δ is a viscous diffusion distance. An estimated ratio 
of the timescales tp and t� is tp/t� ∼ Mref/Re

1−2/n
l  [31], where Mref is the local Mach 

number based on the near-wall velocity scale, and Rel is the Reynolds number based on 
a body length scale l and n is an empirical exponent ( n ≥ 2 ). Therefore, since tp/t� ≪ 1 
for Mref ≪ 1 near the wall, the underlying approximation is plausible in a short time.

Essentially, the approximate method provides a practical alternative where the BEF 
of a known base flow is used in computation. Thus, a solution obtained by the approxi-
mate method gives a skin friction field induced by a surface pressure variation imposed on 
the base flow. This approach is applicable to the cases where the skin friction topology is 
dominated by the pressure gradient. Particularly, shock-wave/boundary-layer interaction 
(SWBLI) is such a case where an incoming boundary layer is used as the base flow and 
a measured surface pressure variation generated by a shock provides the surface pressure 
variation required for computation.

(6)p(1) = p(0) +�p,

Fig. 1 Flowchart of the iterative approximate method
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2.4  Base flow

A boundary layer could be selected as a base flow, where τ (0) , p(0) and f� are expressed as 
the power-law functions of the surface coordinate in the main stream direction such that 
τ
(0) · ∇p(0) = µf

(0)
�  is satisfied. The base-flow surface pressure and its gradient are given by

where c0 and c1 are proportional coefficients, x0 is the virtual origin of the boundary 
layer, and m is a power-law exponent. Accordingly, skin friction and the BEF are given in 
the power-law relations, i.e.,

where c2 and c3 are proportional coefficients. The base flow with the power-law distribu-
tions of surface pressure, skin friction and BEF serves as a local approximation in many 
applications. The parameters m and x0 can be determined by fitting surface pressure 
data obtained in measurements and computations before a surface pressure variation is 
imposed.

A theoretical base flow is the Falkner-Skan flow (the wedge flow) where the exter-
nal velocity is U(x) = axm [38, 39]. The boundary-layer velocity profile is given by 
u
(
x, y

)
/U(x) = f (η) , where f (η) is the similarity function with the similarity variable η , 

where a is a positive constant and the wedge angle is given by πβ with β = 2m/(m+ 1) . 
The proportional coefficients are

where ν is the kinematic viscosity. The value of the second derivative f ′′ at the wall is 
approximately expressed as the piecewise functions extracted based on its tabulated 
numerical data [38].

2.5  Taylor‑series‑expansion solution

To reconstruct a near-wall velocity field, a Taylor-series-expansion solution near 
a solid surface (wall) in an incompressible viscous flow can be sought from the NS 
equations,

where u is the velocity, ρ is the fluid density, p is the pressure, and µ is the dynamic vis-
cosity of fluid. The coefficients in the series-expansion solution are constrained by the 
NS equations and the continuity equation with the no-slip boundary condition [21, 22, 

(7)p0 = c0 + (c1/2m)(x − x0)
2m, ∂p(0)/∂x = c1(x − x0)

2m−1,

(8)τ (0) = c2(x − x0)
(3m−1)/2, f

(0)
� = c3(x − x0)

(7m−3)/2,

c1 = −ρa2m, c2 =
√

(m+ 1)/2ρν1/2a3/2f ′′(0),

c3 = −µβ[a(m+ 1)/2ν]3/2a2f ′′(0),

f
′ ′
(0) = 0.749m0.5049 + 0.4696, (0 ≤ m ≤ 1),

f
′ ′
(0) = 1.696m+ 0.4741, (−0.06 ≤ m ≤ 0.2).

(9)ρ

(
∂u

∂t
+ u · ∇u

)
= −∇p+ µ∇2

u,
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24]. This Taylor-series-expansion solution of the NS equations allows reconstruction of 
typical near-wall flow structures observed in 3D separated flows and wall-bounded tur-
bulence [22, 24, 31].

When the τ - and p-fields in a viscous flow are known, the corresponding velocity 
field near a wall can be reconstructed by using the Taylor-series expansion solution 
of the NS equations [22, 31]. Consider the non-dimensional skin-friction τ = τ/ρu2ref 
and surface-pressure p = p/ρu2ref , where uref is a reference velocity and the overhead 
bar denotes the non-dimensional quantities. For an incompressible viscous flow, the 
non-dimensional velocity vector normalized by uref parallel to the surface, which is 
denoted by uπ = (u1,u2) , is given by the Taylor-series expansion solution of the NS 
equations in the wall-normal coordinate, i.e.,

and the non-dimensional wall-normal velocity is

where x3 is the vertical coordinate normalized by a length scale  l , xi (i = 1, 2) are the 
normalized surface coordinates, ∇ ≡ ∇s = (∂/∂x1, ∂/∂x2) is the non-dimensional gradi-
ent operator on the surface, L =

(
l2/v

)
∂/∂t −∇2 is a non-dimensional differential oper-

ator, Rel = lρuref/µ is the Reynolds number, and v is the kinematic viscosity of fluid. 
The coefficients in the higher-order terms in Eqs.  (10) and (11) are also functions of τ 
and p [21].

In a region where the flow is attached, the velocity is dominated by the linear com-
ponent, i.e., uπ ≈ Relx3τ  in parallel to the surface, and the vertical velocity compo-
nent is mainly affected by the quadratic term, i.e., 

which is directly proportional to the skin friction divergence. However, near an isolated 
critical point with τ = 0 , the velocity uπ ≈ Relx

2
3∇p/2 parallel to the surface is mainly 

caused by the surface pressure gradient, and relatively the vertical velocity u3 becomes 
significant.

Further, there is an exact on-wall relation between the wall-normal pressure gradi-
ent and the skin friction divergence, i.e., [22]

Equation (12) indicates that the positive and negative normal pressure gradients on a 
surface ∂B correspond to a sink (or separation line) and a source (or attachment line) in 
a skin friction field, respectively. If skin friction lines diverge at a point (i.e., a skin fric-
tion source), then [∂p/∂x3]∂B < 0 , indicating a decrease of pressure in the wall-normal 

(10)uπ = Rel

[
x3τ +

x23
2
∇p+

x33
6
(Lτ − ∇(∇ · τ ))

]
+ O

(
X
4
3

)
,

(11)u3 = Rel

[
−
x23
2
∇ · τ −

x33
6
∇2p

]
+ O

(
X
4
3

)
,

(12)u3 ≈ −Relx
2
3∇ · τ/2,

(13)
[
∂p

∂x3

]

∂B

= −∇ · τ .
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direction. If skin friction lines converge at a point (i.e., a skin friction sink), then 
[∂p/∂x3]∂B > 0 , indicating an increase of pressure in the wall-normal direction. The skin 
friction sink and source are related to the instantaneous local velocity profile in complex 
flows, inducing the ejection or the sweep events in wall-bounded turbulence, respec-
tively [22].

2.6  The Poincare‑Bendixson index formula

The topological rules are useful to interpret skin friction patterns in 3D separated flows 
[1–6]. For a penetrable boundary in a skin friction field, Liu et al. [17] applied the Poin-
care-Bendixson index formula (the P-B formula in short) to various flow cases, which 
presents a conservation law between isolated critical points and boundary switch points. 
In simple notations, the P-B formula is expressed as

where #N and #S denote the numbers of nodes and saddles in a domain, respectively, 
and #Z+ and #Z− denote the numbers of positive and negative switch points on the 
domain boundary, respectively. If there is a point Z on a boundary at which the neigh-
boring inflow and outflow segments are divided, this point is called a switch point.

There are two types of switch points. Figure  2 illustrates nodes and saddles in a 
domain Ω and negative and positive switch points on the penetrable domain boundary 
∂Ω with inflow and outflow segments. By following a skin friction line (or a streamline), 
if the vector in a sufficiently small neighborhood of Z moves inward first and then out-
ward across a boundary, this switch point is negative, which is denoted by Z− . Other-
wise, a switch point is positive, which is denoted by Z+ , if the  vector moves outward 
first and then inward across a boundary in a neighborhood of Z+ . When inflow and out-
flow across a closed boundary ∂� remains qualitatively invariant such that #Z+ − #Z− is 
fixed in Eq. (14), this conservation law indicates that nodes and saddles enclosed by the 
boundary must occur or disappear in pairs, which is the case in closed flow separations. 
The classical results, such as the hairy sphere theorem [18, 19], the topological rule given 
by Hunt et al. [4] for junction flows, and Foss’ collapsed sphere method [14, 15], can be 
derived from Eq. (14).

(14)#N − #S = 1+
(
#Z+ − #Z−)/2,

Fig. 2 Illustration of nodes, saddles, and positive and negative switch points. From Liu [26]
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3  Elemental (τ ,p)‑structures
The important implication of the Taylor-series expansion solution of the NS equations, 
Eqs. (10) and (11), is that a near-wall velocity field is determined by the τ - and p-fields 
that are further constrained by the on-wall relation Eq. (1). Since τ and p are intrinsically 
coupled in a viscous flow, their structure on a surface is called the (τ , p)-structure here. 
From a theoretical perspective, reconstruction of the (τ , p)-structures is critical in order 
to understand near-wall viscous flows. Using the approximate method, Liu [31] recon-
structed the elemental (τ , p)-structures ( τ-source/sink and τ-vortex) and their combi-
nations based on some simple forms of the surface-pressure variation imposed on the 
base flow with the power-law relations of the surface pressure, skin friction and BEF. 
In reconstruction of a τ-field by using the elemental (τ , p)-structures, the elemental �p- 
structures and the p(0)-field of the base flow are superposed linearly and then the cor-
responding τ (1)-field is obtained by using the approximate method based on the solu-
tion of the Euler–Lagrange equation. Apparently, the τ (1)-field reconstructed based on 
the τ-source/sink and τ-vortex is similar to a velocity field reconstructed by direct linear 
superposition of the elemental solutions (the uniform flow, source/sink and vortex) of 
the Laplace equation of the velocity potential in the classical potential flow theory. How-
ever, the important difference is that reconstruction of a τ (1)-field is a variational solution 
of the non-linear coupling (τ , p) relation (Eq. 1) that is a direct result of the NS equations 
applied to a solid surface in a viscous flow although the elemental �p-structures are lin-
early superposed. Therefore, in this sense, the theoretical constructive method described 
in this paper is essentially of the non-linear nature.

3.1  Base flow

To evaluate the above approximate reconstruction method, the Falkner-Skan flow is 
used as a base flow in simulations, which has the non-dimensional external velocity dis-
tribution Ue(x) = axm , where x is the surface coordinate from the leading edge (normal-
ized by a length scale  l ), the external velocity is normalized by uref , m is a power-law 
exponent, and a is a non-dimensional positive constant [38, 39]. The non-dimensional 
skin-friction and BEF distribution on the wedge surface is given based on the solution of 
the boundary-layer equation (see Section 2.4). In the following simulations, the Falkner-
Skan flow with a = 1 and m = 0.5 is considered, which describes a boundary layer with 
a favorable constant pressure gradient on a wedge of the angle of 2π/3 ). As an example, 
we use ρ = 1 kg·m−3, uref = 1 m·s−1, l = 1 m, and v = 1.5× 10−5  m2·s−1, Rel = uref l/v , 
and p0 = ρu2ref/2 . The non-dimensional results are not affected by the units. The coor-
dinates are in the range of [0, 1] in meters, and the surface plane has 1000 × 1000 grid 
points (or pixels in the image plane). At the reference location of x = 0.5 , the distance 
between two neighboring grid points corresponds to 3.5 viscous length units, where the 
viscous length unit is given by v/uτ with the friction velocity uτ =

√
τ (0)/ρ.

3.2  Skin friction source/sink

To reconstruct the elemental (τ , p)-structures, some simple forms of �p are considered. 
The first idealized form of �p is given by a Gaussian function, i.e.,
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where g0 is the strength, the standard deviation σ defines the influential region, and the 
radial distance from the pressure center 

(
xc, yc

)
 is

Equation (15) describes a local high-pressure region for g0 > 0 or a local low-pressure 
region for g0 < 0 . The τ (1)-field is calculated when the Falkner-Skan flow is perturbed by 
the surface pressure variation, i.e., p(1) = p(0) +�p , where p(0) is the Falkner-Skan flow 
pressure field. The f (0)�  - and p(0)-fields (images) are generated. Then, the correspond-
ing τ (1)-field is obtained by solving the Euler–Lagrange equation. Since this method 
is designed for image processing, the figures of the fields in this section are shown in 
the image plane (x, y) in pixels. In the simulations, the standard deviation in Eq.  (15) 
is σ = 50 pixels (grid points), which approximately corresponds to 175 viscous length 
units ( ν/uτ ). The �p-fields with the Gaussian distributions can be linearly superposed 
to reconstruct a synthetic complex p(1)-field, and then the corresponding τ (1)-field and 
near-wall velocity field can be obtained.

For a source-sink combination associated with the Gaussian �p-distributions with 
g0 = ±0.2 at the upstream and downstream locations, the p(1)-field with the iso-pres-
sure lines and the τ (1)-field are shown in Figs. 3a and b, respectively. When the base flow 
is perturbed by a local high-pressure variation with g0 > 0 , the extracted τ-lines indicate 
a τ-source, as shown in Fig. 3b. In contrast, in a local low-pressure variation with g0 < 0 , 
a local low-pressure variation leads to a τ-sink, as also shown in Fig. 3b. The τ-source 
and τ-sink appear as the nodes N1 and N2 in the τ (1)-field, respectively, while the two 
saddles ( S1 and S2 ) are created along with the nodes. Further, the source node N1 and 
sink node N2 have the positive and negative skin friction divergence (∇ · τ ) , respectively. 
According to Eq.  (13), N1 and N2 correspond to [∂p/∂x3]∂B < 0 and [∂p/∂x3]∂B > 0 , 
respectively. This is consistent with the local high- and low-pressure regions at N1 and 
N2.

The distribution of the critical points obeys the topological constraint given by the P-B 
formula on a surface vector field (see Section 2.6) [17]. In this case where the τ-vectors 
in the far field are generally in the main stream direction, the topological rule for the 
critical points enclosed by a sufficiently large closed boundary on a surface is reduced to 
a simple form, i.e.,

where #N and #S denote the numbers of nodes and saddles, respectively. It is indicated 
that nodes and saddles in a τ-field occur or disappear in pairs in this flow. Indeed, the 
(τ , p)-structure in Fig. 3b (also in other figures in this section) satisfies this topological 
constraint, where the nodes and saddles are marked.

This (τ , p)-structure with a source-sink combination corresponds to a closed 3D 
flow separation pattern. In addition to the critical points, separation and attachment 
lines (denoted by SL and AL hereafter) are the distinct topological features in a τ-field 
in complex separated flows. Here, a SL is defined as a τ-line to which all neighboring τ

(15)�p = g0exp
(
−r2/2σ 2

)
,

r =
[
(x − xc)

2 +
(
y− yc

)2]1/2
.

#N − #S = 0,
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-lines converge and accumulate asymptotically. Similarly, an AL is a τ-line from which 
all neighboring τ-lines are originated and diverged. As shown in Fig. 3b, the envelope 
enclosing the separation region can be segmented into the front part and the back part. 
The front segment is the SL originated from the front saddle S1 and the back segment is 
the AL connecting to the rear saddle S2 . This (τ , p)-structure can be found in a viscous 
flow over the surface of a tandem pair of a valley (with �p > 0 ) high and a bump (with 
�p < 0 ), and the τ-topology in Fig. 3b is consistent with that obtained in the numerical 
simulations of the flows over local deformed surfaces [40].

The reconstructed near-wall streamlines and contours of the enstrophy near the wall 
are shown in Fig. 3c and d, respectively, where the spatial resolution is downsampled by 
10 for clear illustration. Near the τ-source, the wall-normal velocity points into the wall 
due to the positive skin friction divergence ∇ · τ > 0 

(
[∂p/∂x3]∂B < 0

)
 . In other words, 

the local positive �p-distribution leads to the negative wall-normal velocity near the τ
-source. In contrast, near the τ-sink with the local negative �p-distribution, the posi-
tive wall-normal velocity pointing outward from the wall (fluid upwelling) is generated 
due to the negative skin friction divergence ∇ · τ < 0 

(
[∂p/∂x3]∂B > 0

)
 . In general, 

the wall-normal velocity magnitude near the critical points and SL/AL is significantly 
larger than that in other regions. Interestingly, this relationship between the surface 
pressure variation and the wall-normal velocity near the nodes is consistent with the 

Fig. 3 Source-sink structure in a τ (1)-field: a the normalized p(1)-field with iso-pressure lines, b τ-lines overlaid 
on the p(1)-field, c near-wall streamlines, and d contours of the enstrophy near a wall. The freestream flow is 
aligned with the y-direction in the image plane. From Liu [31]
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observations of the phenomena of intermittent and localized backflows and wall-normal 
flows in near-wall turbulence [41–43]. The backflows with negative skin friction gener-
ally occur in some neighboring regions of the critical points in the (τ , p)-structures. In 
addition, the 3D concentrated enstrophy features near the wall are generated around the 
critical points. The critical points in these (τ , p)-structures signify local flow separations 
although the mean flow is not separated.

3.3  Skin friction vortex

Another simple form of �p is a helical surface-pressure variation given by

where γ0 is the strength and θ is the polar angle.

It is found that it generates a counter-clockwise τ-vortex imbedded in the base flow. 
Figures  4a and b show the p(1)-field with the iso-pressure lines and the τ (1)-field for 
γ0 = −0.2 . As shown in Fig. 4b, the τ-vortex (the node N1 ) induces a saddle S1 , which 
naturally meets the topological constraint given by the P-B formula. Figure  4c and d 
show the near-wall streamlines and contours of the enstrophy near a wall, respectively. 
The SL is formed partially in the upstream of the τ-vortex, while the AL appears partially 
in the downstream. This (τ , p)-structure with a vortex-saddle combination could result 
from the interaction between a tornado-like-vortex and a boundary layer. This vortex-
saddle structure has been observed in near-wall turbulence [40].

Further, a τ-vortex pair is reconstructed as a typical structure observed in the 3D 
separated flow over a low-aspect-ratio rectangular wing and the flow behind a junc-
tion [17, 23]. Figure 5 shows the reconstructed flow fields associated with a τ-vortex 
pair with γ0 = ±0.2 , where the vortex pair is marked as the nodes N1 and N2 while 
the saddles S1 and S2 appear upstream and downstream, respectively. This (τ , p)-struc-
ture represents another type of closed flow separations, where the front segment of 
the envelope is the SL originated from the front saddle S1 , and the back segment of the 
envelope is the AL connecting to the rear saddle S2.

It is known that a τ-vortex pair is a building block to reconstruct the complex sepa-
rated flow over a topographic hill model. To simulate this flow, the �p-field associated 
with two τ-sinks with g0 = −0.2 is superposed at the centers of the τ-vortex pair to 
generate the low-pressure regions there. Then, the �p-field associated with a τ-source 
with g0 = 0.2 is added upstream of the τ-vortex pair. Figure 6 shows the p(1)-field, τ (1)

-field, near-wall streamlines and contours of the enstrophy near the wall in this flow. 
This (τ , p)-structure corresponds to the observed separated flow over a generic topo-
graphic hill model [44], and particularly the pattern around the τ-vortex pair is called 
the owl-face of the first kind [20, 45]. The streamlines near the vortex centers spiral 
upward due to the presence of the low-pressure regions.

(16)�p = γ0arctan(θ),

θ = tan−1
[(
y− yc

)
/(x − xc)

]
.
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4  Complex (τ ,p)‑structures
4.1  Swept SWBLI

It is conjectured that the formation of the SL and AL in complex separated flows 
could be associated with distinct continuously-distributed features in a �p-field [31]. 
To examine this conjecture, the rapid change of �p across a curve on a surface is 
considered, which could be caused by swept shock-wave/boundary-layer interaction 
(SWBLI). To simulate this flow, across a shock wave located at a curve described by a 
parametric equation [xc(s), yc(s)] with the arc length s , the surface-pressure variation 
across the shock wave is given by

where n is the normal coordinate on the curve (the shock wave location) and h a param-
eter associated with the surface pressure variation width associated with the shock wave. 
Here, a straight swept shock wave interacting with the Falkner-Skan flow is considered.

The p(1)-field generated by a straight 45°-swept shock with g0 = 0.1 on the base flow 
and the τ-lines reconstructed from the p(1)-field are shown in Figs.  7a and b, respec-
tively. The near-wall streamlines and contours of the enstrophy near the wall are shown 
in Fig. 7c and d, respectively. Clearly, the SL occurs immediately upstream of the pres-
sure jump associated with the shock wave, and the AL appears after the shock wave. This 

(17)�p = g0[1+ tanh (n/h)],

Fig. 4 Vortex structure in a τ (1)-field: a the normalized p(1)-field with iso-pressure lines, b τ-lines overlaid 
on the p(1)-field, c near-wall streamlines, and d contours of the enstrophy near a wall. The freestream flow is 
aligned with the y-direction in the image plane. From Liu [31]
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(τ , p)-structure corresponds to a 3D separation bubble observed in shock-wave/bound-
ary-layer interaction (SWBLI) on a transonic swept wing [46].

4.2  Fin‑induced SWBLI

In a supersonic flow, a swept shock wave generated by a sharp fin vertically mounted on 
a flat floor interacts with the floor boundary layer (BL). The flow structures in this typical 
SWBLI have been extensively studied [46–49]. The incoming BL separates upstream of the 
inviscid shock wave and the flow re-attaches near the fin surface. As a result, a conical (or 
quasi-conical) separation bubble is formed, and the normalized distributions of the surface 
pressure and heat transfer along the circular arcs are approximately independent from the 
radial coordinate from the virtual origin of the shock wave [49]. The secondary separation 
and re-attachment may exist, depending on the strength of the shock wave and the condi-
tions of the incoming boundary layer. The skin-friction topological structures in the fin-
induced SWBLIs are usually inferred based on surface oil-steak visualizations.

To simulate this flow, the conical distribution of the surface pressure variation in a polar 
coordinate system is given by

(18)�p = g0[1+ tanh ((θ − θs)/�θ)],

Fig. 5 Vortex-pair structure in a τ (1)-field: a the normalized p(1)-field with iso-pressure lines, b τ-lines overlaid 
on the p(1)-field, c near-wall streamlines, and d contours of the enstrophy near a wall. The freestream flow is 
aligned with the y-direction in the image plane. From Liu [31]
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where θ is the polar angle of a ray from the x-coordinate (the horizontal axis in the image 
plane, as shown in Fig. 8a, θs is the polar location of the inviscid shock wave, and �θ is 
a parameter that describes the angular width of the surface pressure variation associ-
ated with shock wave. The synthetic surface pressure field p(1) = p(0) +�p is obtained 
by superposing the �p-field on the p(0)-field for g0 = 0.1 , θs = 60◦ and �θ = 5◦ . In this 
case, the fin surface is located at θ = 80◦ , the fin wedge angle is 10◦ , the shock angle is 
40◦ , and the incoming freestream Mach number is 1.97.

Figures  8a and b show the p(1)-field and the extracted τ-lines in the fin-induced 
SWBLI, respectively. The SL forms immediately upstream of the shock wave approxi-
mately at θ = 50◦ , and the AL occurs approximately at θ = 70◦ near the fin surface. This 
(τ , p)-structure, along with the primary topological features, is qualitatively consistent 
with the previous observations [46, 47]. The near-wall streamlines and contours of the 
enstrophy near the wall are shown in Fig. 8c and d, respectively.

4.3  Delta wing

The (τ , p)-structures in the flow over a delta wing are associated with the leading-edge 
vortices. A hypothetical situation is considered to simulate the flow over a delta wing. It 
is assumed that the base flow over the upper surface of a delta wing is attached initially, 

Fig. 6 Hill model structure in a τ (1)-field: a the normalized p(1)-field with iso-pressure lines, b τ-lines overlaid 
on the p(1)-field, c near-wall streamlines, and d contours of the enstrophy near a wall. The freestream flow is 
aligned with the y-direction in the image plane. From Liu [31]
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and then a �p-field associated with the leading-edge vortices is suddenly imposed on the 
base flow to form the separated flow observed in experiments. To investigate this prob-
lem, a 70°-delta wing is considered as a typical case at the angle of attack (AoA) of 20°, 
Mach number of 0.55 and total pressure of 100 kPa. The normalized surface pressure 
variation field obtained in CFD simulation [23] is superposed on the p(0)-field for the 
base flow to reconstruct a synthetic surface-pressure field p(1) = p(0) +�p . The p(1)-
field and the extracted τ-lines on the delta wing are shown in Figs. 9a and b, respectively. 
The separation lines are located approximately at the ray lines of 75.7° and 104.3° swept 
angles near the leading edges, while the attachment line is at the centerline of the delta 
wing. This τ-topology on the delta wing is consistent with the CFD result [23]. The near-
wall streamlines and contours of the enstrophy near the wall are shown in Fig. 9c and d, 
respectively.

5  Applications in experiments
5.1  Incident SWBLI

To obtain high-resolution τ-fields in experiments, the approximate method was applied 
by Liu et al. [32] to unsteady pressure sensitive paint (PSP) images obtained in incident 
SWBLIs at Mach 2.5 for different Reynolds numbers, revealing the skin friction struc-
tures of the flows, particularly the separation bubble induced by the incident shock 

Fig. 7 Swept-shock structure in a τ (1)-field: a the normalized p(1)-field with iso-pressure lines, b τ-lines 
overlaid on the p(1)-field, c near-wall streamlines, and d contours of the enstrophy near a wall. The 
freestream flow is aligned with the y-direction in the image plane. From Liu [31]
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wave. Unsteady PSP measurements in incident SWBLIs were conducted by Woike et al. 
[50] in the NASA Glenn Research Center 17-cm Axisymmetric Wind Tunnel (the 17-cm 
Axi-SWT). A shock generated by a 13.5° cylindrical cone impinges on the wall and inter-
acts with the floor boundary layer at different total pressures and Reynolds numbers 
( ReD ) based on the test section diameter. Figure 10 shows the SWBLI region of interest 
in the Mach 2.5 Axisymmetric test section [50, 51], where the origin of the x-coordinate 
is set at the location of the maximum surface pressure gradient in the surface pressure 
rise induced by the impinging shock wave. Unsteady PSP measurements were made by 
using Innovative Scientific Solutions Inc. (ISSI) Turbo PSP with 2  kHz time response. 
PSP images were acquired at 4 kHz using the Photron SA-Z high-speed camera and then 
converted to surface pressure fields using the PSP calibration relation.

Figure  11 shows the time-averaged p-fields normalized by the atmospheric pressure 
( pstm = 1 atm ) at Mach 2.5, where the Reynolds numbers ( ReD ) based on the test sec-
tion diameter (17 cm) are 5, 4, 3, 2 and 1.5 million from the top to bottom, respectively. 
These fields are obtained by averaging sequences of 2000 fields. The coordinates are nor-
malized by the boundary-layer thickness δ = 13.1 mm measured at about 5 mm before 
the shock wave impingement [52]. The spanwise-averaged p-profiles are normalized 

Fig. 8 Fin-induced shock-wave/boundary-layer interaction: a the normalized p(1)-field with iso-pressure lines, 
b τ-lines overlaid on the p(1)-field, c near-wall streamlines, and d contours of the enstrophy near a wall. The 
freestream flow is aligned with the y-direction in the image plane. From Liu [31]
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by the values at the location (x = −65  mm) upstream of the shock wave, as shown in 
Fig. 12. Here, the origin of the x-coordinate is set at the location where the maximum 
surface pressure gradient is attained at ReD = 5 million. The surface pressure data in 

Fig. 9 The 70°-delta-wing at AoA of 20° and Mach number of 0.55: a the normalized p(1)-field with 
iso-pressure lines, b τ-lines overlaid on the p(1)-field, c near-wall streamlines, and d contours of the enstrophy 
near a wall. The freestream flow is aligned with the y-direction in the image plane. From Liu [31]

Fig. 10 SWBLI region of interest (marked by a rectangle) in the Mach 2.5 Axisymmetric test section. Flow is 
from left to right. From Liu et al. [32]
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the incoming boundary layer before the region of incident SWBLI is fitted by using the 
power-law relation

where the virtual origin of the incoming boundary layer is x0 = −200mm , the refer-
ence location is xref = −65mm and the power-law exponent is m = 0.1 . This empirical 
power-law relation is used as the base-flow p-field for reconstruction of the τ-fields. The 
surface pressure increases rapidly to the peak immediately after a shock wave and then 
decays in a downstream region of 100 mm. The ratio between the PSP-measured surface 
pressures after and before a shock wave is p2/p1 ≈ 1.6− 1.75 in a range of ReD from 1.5 
to 5 million, which is consistent with the value of p2/p1 ≈ 1.7 given by Davis [51] based 
on the pressure tap measurement.

The normalized τ-fields are extracted from the corresponding p-fields by using the 
approximate method. The incoming boundary layer is used as the base flow with the 
power-law distributions of surface pressure and BEF where the exponent is m = 0.1 . 
The Lagrange multiplier is set at α = 10−5 in solving the Euler–Lagrange equation. Fig-
ure  13 shows the time-averaged p-fields normalized by its maximum value, τ-vectors, 
and τ-lines at Mach 2.5 for ReD = 5 million. There are 230× 420 vectors extracted in the 
regions of interest in Fig. 13, and the spatial resolution of the data is one vector per pixel. 
One pixel corresponds to 16 µm on the surface. The separation bubble induced by inci-
dent SWBLI occurs, where the separation and attachment lines are clearly identified in 
the skin friction topology in Fig. 13. Figure 14 shows the profiles of the x-component of 
skin friction normalized by the values at a reference location marked in Fig. 12 at Mach 

(19)p(x)/p(xref ) = 3.65− (x − x0)
2m,

Fig. 11 Time-averaged surface pressure fields normalized by one atmospheric pressure at Mach 2.5 in 
incident SWBLI generated by a 13.5° cylindrical cone. From the top plot to bottom plot, the Reynolds 
numbers (ReD) are 5, 4, 3, 2 and 1.5 million, respectively. Flow is from left to right. From Liu et al. [32]
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2.5 for ReD = 4, 3, 2, and 1.5 million. The extracted skin friction vectors and lines for 
these values of ReD are similar to those in Fig. 13. The bubble length Lb is introduced as 
the distance between the separation line and the attachment line. An estimate based on 
the measurements is Lb/δ ≈ 1 , which is consistent with CFD simulation [52].

Measurements with surface stress sensitive films (S3F) were made in incident SWBLIs 
generated by the 13.5° shock generator at Mach 2.5 at ReD = 1.5 and 2 million [49]. Fig-
ure 15 shows comparisons between the results obtained by PSP and S3F in the region 
near the separation bubble for ReD = 2 million. The τ-field obtained by S3F has 23 × 49 
vectors in the region, in contrast to 231 × 476 vectors extracted from PSP images. The 
relative τ-fields obtained by PSP are anchored in in-situ calibration by using the S3F data 
(52 Pa for ReD = 2 million) at the reference location x = 20 mm marked in Fig. 15. The 
separation bubble is detected by both PSP and S3F. The results obtained by PSP exhibit 
some 3D features, particularly the streamwise streaky structures after re-attachment. 
The spanwise-averaged profiles of the x-component of τ are shown in Fig. 16, indicating 
that the results extracted from PSP agree with the S3F data. This example indicates that 
the reconstruction method of a τ-field from a p-field is particularly attractive and appli-
cable for high-resolution PSP measurements in complex flows (such as SWBLI) since 
PSP has been used as a non-contact global technique in various aerodynamics experi-
ments [53].

5.2  Swept SWBLI

The approximate method was used by Liu et  al. [33] to elucidate the relationship 
between the τ-topology of the secondary separation bubble and the p-field in the 

Fig. 12 Surface pressure profiles normalized by the values at a reference location marked in the figure for 
different Reynolds numbers ( ReD ), and a power-law fitting of data for the incoming boundary layer. From Liu 
et al. [32]
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fin-generated SWBLI. The primary separation and attachment in swept SBLI consti-
tute a large conical separation bubble [54–59]. Interestingly, the secondary separation 
in swept SWBLIs was observed in experiments and CFD simulations [54, 58] and its 
possible existence was discussed from a theoretical standpoint [59]. However, data on 
the secondary separation are very limited. From a topological perspective, the sec-
ondary separation should be described as the secondary separation bubble (SSB) with 
a pair of the separation and attachment lines. Here, the term ‘separation bubble’ is 
generalized to describe a separation flow confined in a conical space that is confined 
by the two sides and open at the end. To study the formation of the SSB, the evolution 
of the τ-topology extracted from a p-field in swept SWBLI is studied as the relevant 
parameters to a p-field vary.

The quasi-conical similarity of a p-field in swept SWBLIs was supported by sur-
face pressure measurements along several radial arcs from the leading edge of the 
fin [49,  60]. PSP measurements in swept SWBLIs were conducted by Mears et  al. 
[61] and Baldwin [62], providing the high-resolution p-fields to examine the conical 
similarity. Figure  17a shows the time-averaged p-field normalized by the incoming 

Fig. 13 Time-averaged fields of the normalized surface pressure by its maximum value, extracted skin 
friction vectors and lines at Mach 2.5 for ReD = 5 million. Flow is from left to right. From Liu et al. [32]
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Fig. 14 Profiles of the x-component of skin friction normalized by the values at a reference location marked 
in Fig. 12 at Mach 2.5 for different Reynolds numbers (ReD) . From Liu et al. [32]

Fig. 15 Comparison between skin friction lines obtained by PSP and S3F for ReD = 2 million, where the circle 
marks the reference location for in-situ calibration. Flow is from left to right. From Liu et al. [32]
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boundary layer pressure obtained from PSP measurements at Mach 2 with a fin 
deflection angle of 15° (Case 1) [61]. For simplicity, in an ideal case of inviscid flow, 
the (x, z) coordinate system is located at the apex of the fin (the floor/fin leading-
edge junction), where x and z are the coordinates in the freestream and spanwise 
directions, respectively. When the flow structures in swept SWBLI exhibit the coni-
cal similarity approximately, the polar coordinate system (θ , r) is usually used, where 
θ is the polar angle and r is the radial coordinate. In reality, in swept SWBLIs, there is 
a so-called inception zone where the visualized surface quantities (pressure, temper-
ature, heat flux, and skin friction) are not exactly conically similar and the relevant 
interaction footprints (such as separation line and surface pressure jump line) are 
curved [59, 60]. Only in the flow downstream beyond the inception zone, these sur-
face quantities become asymptotically invariant along straight ray lines through the 
virtual conical origin (VCO) that can be determined as an intersection between the 
inviscid shock wave and the asymptotically straight primary separation line.

The normalized surface pressure �p = (p− pref )/max(p− pref ) is evaluated along the 
radial arcs marked in Fig. 17a, where pref is the surface pressure (p∞) in the incoming 
boundary layer before SWBLI. The profiles of �p along the arcs are shown in Fig. 17b. It 
is indicated that the profiles (as a function of the polar angle) at different r-coordinates 
approximately collapse when r is larger than a critical length. This indicates that the con-
ical similarity of surface pressure is asymptotically achieved as the radial coordinate r 
increases. The general trend of the profiles is that �p increases with the polar angle θ 
and reaches the maximum near the fin surface. There is a plateau in the middle section 
of the p-curve, which has been observed in the previous measurements with distributed 
pressure taps [58, 59]. The relationship between the surface pressure plateau (p-plateau) 
and τ-structure is particularly relevant to the formation of the SSB.

Fig. 16 Comparison between profiles of the x-component of skin friction obtained by PSP and S3F for 
ReD = 2 million, where the diamond marks the reference location for in-situ calibration. From Liu et al. [32]
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To describe the conically similar structure of surface pressure in swept SWBLI, Liu 
et al. [33] proposed the following empirical distribution to fit experimental surface pres-
sure data, i.e.,

where

In the RHS of Eq. (20), the first term describes a typical surface pressure change across 
a shock wave and the second term describes the p-plateau. The parameters θs and ws 
define the angular location and influence width of a shock wave, respectively. The func-
tion g(θ − θs) has positive and negative Gaussian peaks that are located on the left and 
right sides of a shock wave, respectively, where �θi (i = 1, 2) defines a shift of a peak 
from the shock wave location θs , the standard deviation σ defines the width of a peak, 
and apl,i is the p-plateau amplitude (i = 1 or 2). In a special case with �θ ≡ �θ1 = �θ2 , 
a set of the parameters is ( θs , ws , �θ , σ , apl,1 , apl,2 ), which can be determined by fitting 
the surface pressure data, as shown in Fig. 17b. The unit of these parameters is either 
degree or radian. The distribution of �p given by Eq. (20) fits the measurement data well 
in Case 1.

Figures 18a and b show the time-averaged p-field normalized by the incoming bound-
ary layer pressure and profiles of �p obtained from PSP measurements at Mach 3 with 
a deflection angle of 20° (Case 2) [62], respectively. The p-plateau associated with the 
separated flow includes a local maximum and a local minimum in the distribution of �p 

(20)�p(θ) =
p− pref

max (p− pref)
=

1

2

[
1+ tanh

(
θ − θs

ws

)]
+ g(θ − θs),
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2πσ

exp

[
−
(
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2σ

)2
]
−
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2πσ
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−
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−
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Fig. 17 PSP results in swept SWBLI at Mach 2 with a fin deflection angle of 15° [24]: a normalized surface 
pressure image by the incoming boundary layer pressure (p/p∞) , and b normalized surface pressure ( �p ) 
profiles at five radial arcs. From Liu et al. [33]
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in Case 2, in contrast to the monotonic increase observed in Case 1. This surface pres-
sure feature corresponds to the SSB, which is elucidated later. The parameters in Eq. (20) 
in Case 2 are determined, and the distribution of �p given by Eq. (20) with these param-
eters fits the measurement data well in Case 2.

To investigate the topological evolution of the (τ , p)-structure as the relevant param-
eters vary, simulations are conducted based on the conical p-field described by Eq. (20) 
for Case 1. The p-plateau amplitude apl ≡ apl,1 = apl,2 is used as a control parameter 
since it describes the geometrical feature of the p-plateau related to the SSB. To study 
the effect of apl , the power-law exponent is m = 1/5 for the incoming turbulent bound-
ary layer on a flat plate with a power law τ (0) ∝ (x − x0)

−1/5 and x0 = −1000 pixels 
[33]. Thus, a field (1000 × 1300 pixels) of the normalized composite surface pressure 
p(1) = p(0) + Am�p is generated, where the p-variation amplitude is fixed at Am = 0.3 . 
Figure 19 shows the p(1)-surfaces for different values of apl , where the intersections at 
eight arcs are shown. As shown in Fig.  19, as apl increases, the p(1)-surface becomes 
folded and the p-plateau forms near the position of the inviscid shock (θs = 44.7◦) . The 
normalized composite surface pressure p(1) = p(0)(rsinθ)+ Am�p(θ) does not have the 
exact conical similarity.

We introduce the following normalized surface pressure difference:

Figure  20 shows the �p(1)-profiles at five radial arcs for different values of apl . The 
�p(1)-profiles collapse in all the cases, exhibiting approximately the conical similarity. 
For apl = 0 , the �p(1)-profiles show a typical monotonic surface pressure rise across a 
shock wave. As apl increases to 0.11, the p-plateau forms as shown in Fig. 20, which is 
characterized by an inflection point. Accordingly, the p-plateau corresponds to a fold on 
the p(1)-surface in Fig. 19.

(22)�p(1) =
p(1) −min

(
p(1)

)

max
(
p(1)

)
−min

(
p(1)

) .

Fig. 18 PSP results in swept SWBLI at Mach 3 with a fin deflection angle of 20° [25]: a normalized 
surface pressure image by the incoming boundary layer pressure (p/p∞) , and b normalized surface 
pressure (�p) profiles at five radial arcs. From Liu et al. [33]
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From the p(1)-fields, the τ (1)-fields are extracted by solving the Euler–Lagrange equa-
tion with the Lagrange multiplier α = 10−3 . Figure  21 shows the evolution of the τ
-topology as apl increases, which are superposed on the p(1)-fields as a background, 
respectively. For apl = 0 , the typical τ-structures are observed in swept SWBLI, where 
the primary separation line originates from the leading edge of the fin and an attach-
ment line occurs near the fin-floor corner. The primary separation and attachment lines 
are denoted by PS and PA in Fig. 21a, respectively. The primary separation line slightly 
curved near the apex of the fin asymptotically approaches a straight ray line that has an 

Fig. 19 The p(1)-surfaces and intersections at radial arcs for different values of the pressure plateau 
amplitude apl : a 0, b 0.05, c 0.095, d 0.1, e 0.105, and f 0.11. From Liu et al. [33]
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intercept with the inviscid shock wave line that is defined as the VCO, as illustrated in 
Fig. 21b. Interestingly, the reconstructed τ-topology from the p-field indicates the exist-
ence of the inception zone even though the simulated p-field given by Eq.  (20) is ide-
ally conical. Here a separation line is identified as a skin friction line ( τ-line) to which 

Fig. 20 The �p(1)-profiles at five radial arcs for different values of the pressure plateau amplitude apl : a 0, b 
0.05, c 0.095, d 0.1, e 0.105, and f 0.11. From Liu et al. [33]
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neighboring τ-lines converge, while an attachment line is a τ-line from which neigh-
boring τ-lines diverge. For apl = 0.05 , the attachment line retreats toward the fin-floor 
corner. As apl increases from 0.095 to 0.11, τ-lines between the primary separation line 
and the fin-floor corner start to deform, and the secondary separation and attachment 
lines form. This pair of the secondary separation and attachment lines is associated with 
a conical SSB. The secondary separation and attachment lines are denoted by SS and 
SA in Fig. 21e. The secondary separation in swept SWBLIs was observed under certain 
conditions in experiments and CFD simulations [57, 58]. The SSB directly corresponds 
to the inflection point on the p-curves along the radial arcs in Fig. 20. In other words, 
the SSB directly corresponds to a fold on the p(1)-surface in Fig. 19. This intrinsic cor-
respondence between the τ-topology and the geometry of the p(1)-surface is imbedded 
in the on-wall relation Eq. (1). Based on the above observation, the SSB probably occurs 

Fig. 21 Skin friction lines on the normalized composite surface pressure fields for different values of 
the pressure plateau amplitude apl : a 0, b 0.05, c 0.095, d 0.1, e 0.105, and f 0.11, where the dashed line 
indicates the position of the inviscid shock wave. PS: primary separation line, PA: primary attachment line, SS: 
secondary separation line, SA: secondary attachment line. From Liu et al. [33]
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when a p-plateau (or hill-valley structure) in �p
(1) starts to form. A heuristic condition 

is proposed for the formation of the SSB in swept SWBLI, i.e., ∂(�p(1))/∂θ = 0 and 
∂2
(
�p(1)

)
/∂θ2 = 0 . Therefore, the formation of the SSB is related to specific features of 

the p-field, depending on the control parameters, particularly the p-plateau amplitude.
From the τ-field and p-field, the near-wall velocity field can be reconstructed by using 

the Taylor-series expansion solution of the NS equations that is valid in a near-wall 
region of about 10 wall units [22]. Figure 22 shows near-wall streamlines for different 
values of apl . For apl = 0− 0.05 , streamlines are pushed upward near the primary sep-
aration line, while the primary separation bubble induces downwash streamlines near 
the attachment line near the fin surface. For apl = 0.095− 0.11 , the upward streamlines 
occur near the secondary separation line and the downwash streamlines appear near the 
secondary attachment line.

6  Conclusions
The approximate method is developed for reconstruction of the skin friction topology 
and near-wall velocity field in complex separated flows. This is a constructive method 
in a mathematical sense based on the exact relation between skin friction (τ ) and 
surface pressure (p) (simply called the (τ , p)-relation) derived from the NS equations 
with the boundary enstrophy flux (BEF) as a key link. This approximate method has 
several related technical aspects. First, the composite surface pressure field is given by 
a linear superposition of the base-flow surface pressure field and the surface pressure 
variation field. Then, under the first-order approximation where the base-flow BEF 
field is used, the first-order skin friction field ( τ-field) can be determined from the 
composite surface pressure field by solving the Euler–Lagrange equation. Further, the 
near-wall velocity field is reconstructed from the extracted τ - and p-fields by using 
the Taylor-series expansion solution of the NS equations. In addition, the Poincare-
Bendixson index formula (the P-B formula) provides a topological constraint on the 
reconstructed τ-field for examining its topological consistency.

In simulations, the approximate method is applied to reconstruction of some ele-
mental (τ , p)-structures ( τ-source/sink, τ-vortex and their combinations) when some 
simple forms of the surface pressure variation are imposed on the base flow with the 
power-law distributions of skin friction, surface pressure and BEF (the Falkner-Skan 
flow in this case). The distinct topological features like critical points and separation/
attachment lines are revealed, and the critical points in these structures are topologi-
cally consistent, satisfying the P-B formula. Furthermore, complex (τ , p)-structures in 
shock-wave/boundary-layer interactions (SWBLIs) and the delta-wing flow are recon-
structed to exhibit typical 3D flow separations.

In experiments, the approximate method is applied to unsteady PSP images obtained 
in incident SWBLI. The high-resolution τ-fields are extracted from a time sequence of 
PSP images at different Reynolds numbers, clearly revealing the detailed structures char-
acterized by the separation and attachment lines of the separation bubble induced by the 
incident shock wave. The time-averaged, normalized τ-fields extracted from PSP images 
agree with the data obtained by surface shear sensitive film (S3F).
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Further, by using the approximate method, the relationship between the τ-topology 
and p-field in fin-generated swept SWBLIs is studied, focusing on the formation of the 
secondary separation bubble (SSB). The formation of the SSB is directly related to the 
p-plateau amplitude that controls the p-surface geometry in a 3D space. As the p-plateau 
amplitude increases, the p-surface is folded near the inviscid shock location, leading to a 
pair of separation and attachment lines associated with the SSB in the τ-field. The forma-
tion of the SSB is related to the specific features of the p-field, depending on the control 
parameters, particularly the p-plateau amplitude.

Fig. 22 Near-wall streamlines for different values of the pressure plateau amplitude apl : a 0, b 0.05, c 0.095, d 
0.1, e 0.105, and f 0.11. From Liu et al. [33]
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