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geometries based on finite difference methods on fixed Cartesian meshes. The method
is an extension of the inverse Lax-Wendroff (ILW) procedure in our works (Cheng et al.,,
Appl Math Mech (Engl Ed) 42: 841-854, 2021; Liu et al.) for 2D problems. Different from
the 2D case, the local coordinate rotation in 3D required in the ILW procedure is not
unique. We give a theoretical analysis to show that the boundary treatment is
independent of the choice of the rotation, ensuring the method is feasible and valid.
Both translation and rotation of the body are taken into account in this paper. In
particular, we reformulate the material derivative for inviscid fluid on the moving
boundary with no-penetration condition, which plays a key role in the proposed
algorithm. Numerical simulations on the cylinder and sphere are given, demonstrating
the good performance of our numerical boundary treatments.
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1 Introduction
In this paper, we design a high order boundary treatment combining high order finite
difference scheme for both inviscid and viscous fluids in the 3D time-varying domain.
The flow field is between two flat plates parallel to the xz-plane, and there is a rigid body
inside it. At the initial moment, there is a plane shock wave perpendicular to the x-axis
and moving to the positive direction of the x-axis, towards to the rigid body. Under the
impingement of the flow, the rigid body starts to move in the region, then the area of the
fluid varies with time, denoted by 2 ().

In order to prescribe the boundary conditions on the surface of the rigid body, we take
the notation I'(¢) to represent the interface between the rigid body and fluid. Hence, we
have the boundary of the domain
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where, Iy, IT, and I1, are the outer boundaries of the computational area along x-, y- and
z-direction, parallel to the yz-, xz- and yz-plane, respectively. Inflow, outflow and reflec-
tion boundary conditions are imposed at the left boundary, the right boundary of IT,
and the two boundaries of IT,, respectively. Notice that, although the physical problem
we actually consider is infinite in the z-direction, the domain is truncated in numerical
computation. Due to the fact that the rigid body moves in a confined space during a lim-
ited period, the area can be assumed to be large enough in the z-direction that the body
and the reflective shock waves would not touch IT,, and then we can impose the out-
flow boundary conditions on I1,. Hence, the boundary treatment on IT, will not affect
the computational results of the internal flow field near the rigid boundary. The bound-
ary conditions on the boundary I'(¢) vary with the properties of the fluid. In this paper,
we consider both the compressible inviscid fluid and viscous fluid with suitable boundary
conditions.

The governing equations for compressible inviscid fluid and viscous fluid in the three-

dimensions are written in the same form as follows:

8
Wi+ E(W). + G(W), + HW), = e (S1(W)x + S2(W), + S3(W).), (1)

where (x,y,2) € Q(t), W = (p, pu, pv, pw, E)T and

ou pv ow
pu2 +p puv puw
F(W) = pw |, GW)=| p*+p |, HW)= pvw | (2
puw pYw ,ow2 +p
u(E + p) V(E + p) w(E + p)

Here, p, u, v, w, p and E stand for density, velocity in x-, y- and z-directions, pressure and
total energy per volume, respectively. On the right hand side of (1),

0 0 0

381 12 713
SIW) =1 m1 |, S2(W)=]| 12|, Ss(W)=| 13 |,

731 732 733

o1 0?2 o3

with the components of the viscous stress tensor given by

4 2 2 4 2 2 4 2 2
TI1 = —Uy — —Vy — =Wy, Tog = —Vy— —Uy — =Wy, T33 = —W; — —lUy — —Vy,
11 3x 3y3z 22 Sy 3xsz 33 323x 3)/ (3)
T2 = T21 = Vx + Uy, T13 = 131 = Uz + Wy, T3 =132 = Wy +Vy,
and
1 11 12 13 v —1)br’
(c?)y
Oy =UTy + VT + Wiz + ———=—, (4)
2 21 22 23 o — 1)Pr
(52)z

=uUt31 +vizp +wizgz + —.
o3 31 32 33 (y — 1)Pr
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Here, Pr is the Prandtl number, Re is the Reynolds number, 7 = p/p is the temperature,
and ¢ = \/yp/p is the sound speed. An equation of state relating the pressure with other
variables is given as

1
p:(y—l)(E—zp(uz—l—vz—f—wz)). (5)
y is the adiabatic constant, which equals to 1.4 for an ideal polytropic gas.

¢ Compressible inviscid fluid. In this case, § = 0 in the governing Eq. (1) and it
becomes the three-dimensional Euler equation,

W; +E(W), + GW), + HW); =0, (6)

The no-penetration boundary conditions are imposed on the boundary of the body
surface I'(¢):

u-n=V,-n Vxel(?), (7)
withu = (#,v, w)T. V}, and n are the velocity and the outward unit normal vector on
" (¢), respectively.
¢ Compressible viscous fluid. In this case, § = 1 in the governing Eq. (1) and it is the
three-dimensional Navier-Stokes (NS) equation,
1
Wi +F(W), + G(W), + HW), = e (S1(W)x + S2(W)y 4+ S3(W)2),  (8)
On I'(¢), we consider the isothermal no-slip wall boundary condition:
u=yV,
T=T,

)

where V}, = (up, vy, wp) T and T}, are the velocity and the temperature of the rigid
body, respectively.

In this paper, we are trying to numerically solve the partial differential equations (PDEs)
(6) and (8) with high order finite difference methods on the fixed Cartesian mesh. Despite
the easy generation of the mesh, for such problems there are two main difficulties in
numerical simulation:

1. A high order finite difference scheme often has a wide stencil, thus we have to
evaluate the values at the ghost points near the boundary.

2. Another difficulty is that the Cartesian grids intersect with the physical boundary
with arbitrary fashion. This often leads to the so-called “cut-cell” problem [1], e.g. in
1D case the first grid is very closed to the physical boundary. If the boundary
treatment is not well designed, it may require the time step to be extremely small for
the sake of stability and result in the poor computation efficiency. For the moving
boundary problems, no matter how the mesh is generated initially, the “cut-cell”
problem is unavoidable.

One of the commonly used methods is to generate a body-fitted grid. For simple
and fixed boundaries, one may use the smooth mapping between the Cartesian mesh
and curvilinear mesh, while this kind of treatment often needs to change the original
equations. The new equations can be more complicated than the original equations and
also bring additional computation. For the time-varying geometric domain, complex grid
management is required at each time step and it may be extremely expensive. Another
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approach is to use a Cartesian mesh, and take special treatment on the boundaries. There
are several numerical boundary treatments listed as follows: embedded boundary method
[2-7], immersed boundary method [8-12] and Inverse Lax-Wendroff (ILW) method [13—
20], etc.

In this paper, we focus on the ILW boundary treatment for solving the moving bound-
ary problems in 3D. The idea of ILW procedure comes from [21, 22], in which the authors
simulated the traffic and pedestrian flow by solving an Eikonal equation at each time step.
They used the PDE repeatedly to convert the normal derivative into the tangent deriva-
tive at the boundary, and the ghost point values are defined by a Taylor expansion along
the normal direction. Enlightened by this approach, Tan and Shu extended it to hyper-
bolic conservation law equations in [17]. The main idea of the ILW method is to convert
the spatial derivative into a time derivative through the PDE, which is in contrast to the
traditional Lax-Wendroff scheme, in which the time derivative is converted into spatial
derivative (this is exactly the meaning of “inverse”). Numerical results demonstrate that
the ILW method can be applied to construct ghost point values when solving equations
with high order finite difference methods on a Cartesian mesh in a computational domain
with complex geometries. However, the original ILW method proposed in [17] has the
following drawbacks:

1. Heavy algebra in the ILW procedure for high dimensional nonlinear system.

2. For the junction of the inflow and outflow boundary, i.e, the sonic points, the ILW
method should be coupled with the least square method to ensure the stability of the
scheme.

3. The numerical solution obtained by the ILW method cannot satisfy the conservation
property while the exact solution of original PDE has this property.

There are several papers to address the issues above. In 2012 Tan et al. proposed the sim-
plified ILW (SILW) method in [19], which greatly reduced the computation cost of the
ILW method for solving the system. Ding et al. [14] redefined the concept of conservation
for the finite difference scheme, and gave a new ILW method that satisfies the new conser-
vation concept. Lu et al. [16] proposed an ILW method that can deal with the sonic points,
which can avoid the situation of the extremely small denominator. Except for hyperbolic
conservation laws, the ILW procedure can also be applied to other types of equations. In
[23] Filbet and Yang extended the ILW method to handle the Boltzmann equation, and Li
et al. studied the ILW procedure for the diffusion problems, and the authors in [15, 24,
25] extended the ILW method to handle the convection-diffusion equation. Stability anal-
yses for both the ILW and the simplified ILW procedures were given in [24—27], in which
the authors discussed various situations and gave us the guiding ideology for designing
a high order and stable numerical boundary treatment. In particular, theoretical analysis
indicates that the carefully designed (S)ILW boundary treatment can maintain stability
with the same CFL number (/) mqx as in the periodic case, ignoring distances of the first
grid point to the physical boundary. This means that the SILW method can overcome the
“cut-cell" problem.

For moving boundary problems, in [18] Tan and Shu designed an ILW method for
inviscid fluid with free-slip no-penetration moving boundary conditions, in which they
only considered the translation of the moving boundary. Later, in [13] Cheng et al.
reformulated the material derivative and considered both translation and rotation of
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the body. Recently, [28] extended the moving boundary ILW method to deal with the
convection-diffusion equations and simulate the interaction between shock waves and
rigid bodies in viscous fluids. In particular, a unified algorithm was given for five cases:
pure convection, convection-dominated, convection-diffusion, diffusion-dominated and
pure diffusion cases. This paper is an extension of our works [13, 28], in which one
and two dimensional moving boundary problems were considered. Now we extend
these methods to handle three dimensional problems, with carefully designed numerical
boundary conditions such that they can achieve third order of accuracy in smooth case,
and no spurious oscillation when there is a shock near the surface. Particularly, in the
ILW and SILW procedure, a local coordinate rotation on the boundary point is needed
such that the x-axis of the new coordinate is in the same direction with the outward nor-
mal on the boundary. Different from the two dimensional problem, this rotation is not
unique. We prove that the rotation will not affect the results via ILW procedure. Hence,
the schemes can work with a simple form of rotation. Since the conditions are defined
on the moving boundaries, material derivatives are used in the ILW procedure instead
of the Eulerian time derivatives. However, this definition of material derivatives for func-
tions limited on the boundaries is not clear. In this paper, we will follow the idea in [13]
and reformulate the material derivatives on the moving boundaries with no-penetration
condition in 3D.

The organization of the paper is as follows. In Section 2, we introduce the spatial dis-
cretization and time evolution method for the Eqs. (6) and (8). In Section 3, we focus on
the boundary treatment and present the ILW method in detail. The method of tracking
the moving rigid body is discussed in Section 4. Numerical results are given in Section 5

and concluding remarks are given in Section 6.

2 Scheme formulation inside  (t)

We assume that the computational domain [ xy, x,] X[y, ¥+] X[ 21, 2] is divided by a Carte-
sian mesh (x;, y;, z¢), and the mesh sizes in each direction are uniform, denoted by Ax, Ay
and Az, respectively,

Xi=x+ilAx, yi=y+(G—05Ay, zxr=z+kAz (10)

Denote W« (¢) as the approximation to the point value W (x;, y;, zx, t). We will discretize
the Eqgs. (6) and (8) in the method of lines framework, meaning that the spatial variable
is first discretized, then the numerical solution is updated in time by coupling a suitable
time integrator.

2.1 Spatial discretization
The semi-discrete approximation of the governing Eq. (1) is given as

dWiix  Fipipjk —Ficipjc - Gijriok — Gij—124  Hijarr2 — Hijr1/2
+ + +
dt Ax Ay Az

= Sijk

(11)

where lA’,-H /2,j.k> Gi,j+1 2,k and I:Ii,j,k_l,_l /2 are numerical fluxes such that the flux difference
approximates the derivative to r-th order accuracy,
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Fiv1/2jk — Fic12k
Ax
Gijr1/2.6 — Gij-1/2k
Ay

= F(W)xlijk + O(AX"),

= G(W),lijx + O(AY),

A A

Hijit1/2 — Hijk—1/2

Az
Those numerical fluxes can be obtained by any reasonable finite difference scheme, such
as the finite difference (FD) WENO scheme [29], which can achieve high order accuracy

in smooth region and avoid numerical oscillatory near discontinuities. Here, we use the

= H(W),|ijx + O(AZ").

third order FD WENO scheme to obtain the numerical fluxes, i.e. ¥ = 3. Details are given
in Appendix A.

For the Euler Eq. (6), S;jx = 0 on the right hand side. And for the NS Eq. (8), S;j is the
approximation to the diffusion terms. Due to the effect of diffusion, we use central finite
difference scheme without WENO to obtain §;;. In particular, the five points central
scheme will guarantee fourth order of accuracy, and the formulations for the (mixed)
derivatives are given as follows:

% lijk Zﬁ(sz,j,k — 8fi1k + 8fit1,k — fiv2jk)s
0%f 1
o3 ik =m(—fi—2,j,k +16fi 1k — 30fijk + 16fit1jk — fir2jk),
%f
9%y lijk = TaAs Ay((fi—z,j—z,k = 8fi—1j-2k + 8fit1j—2k — fit2,j-24) (12)

— 8(fi—2j-1k — 8fi—1j-1.k + 8fir1 -1k — fir2,j-1k)
+ 8(fi—2j+1k — 8fi-1,j+1k + 8fit 141k — fit2j+1,4)

— (ficajtak — 8fi—1j42k + 8fit1j—2k — firajr20))-

2.2 Time discretization
The semi-discrete scheme (11) is equivalent to the first order ordinary differential
equation (ODE) system
AWk
dt
with L({W;;}) containing all spatial discritization terms. For time discretization, we use
the third-order total variation diminishing (T VD) Runge-Kutta method [30]:

= L{Wijx}), (13)

1
Wg,j?k = Wik + ALLAW D,
@ _3 loww o 1 y
Wik = 3 Wijk + g Wiju T 7ALAW, 1D, (14)
1 2 2
+_ ® @
Wik = 3 Wikt 3 Wi+ 3 ALLAW D).

In addition, a following constraint on time step At is imposed such that the boundary
I"(¢) can move at most one grid in each direction in a time step:

Ax Ay Az )

) ’
b,x,max Vb,y,max Vb,z,max

At < min ( (15)

where Vi maxs Voymax a0d Vi ;max represent the maximum magnitude of the moving
velocities in x-, y- and z- directions on the boundary I'"(¢).
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3 Boundary treatments

In order to make the interior finite difference scheme work, we need to define enough
ghost points near the boundaries. Near the outer boundaries I, U Iy, U1, which consist
of straight lines, ghost points are assigned according to the principles of inflow, outflow
and reflection boundary conditions. While near the inner boundary I'(¢), we will assign
carefully designed values on ghost points. In addition, there is a kind of points called
“newly emerging” points that deserve special attention, which are outside the compu-
tational domain €(¢,—1) at the last time and entering Q(¢,) at the current time due to
the movement of the boundary. In [18], the authors pointed out that the newly emerg-
ing points do not need any special treatment, but just set at most one more ghost point
in each direction. Then, we can use the same scheme as the interior points to update the
values of these points at the last stage of (14). And that is exactly the reason why we give
a constraint on the time step in (15).

Note that those ghost points may not lie on the grid. Hence, we follow the idea given
in [17] that the method consists of the inverse Lax-Wendroff (ILW) type procedure for
inflow boundary conditions and extrapolation for outflow boundary conditions. At the
outflow boundary, WENO type extrapolation will be used in case of a shock close to the
boundary. And the idea of the ILW procedure is utilizing the PDE repeatedly to write
the normal derivatives of the variables W in terms of the time derivatives and tangential
derivatives of W, both of which are obtained from boundary conditions. We should note
that the boundary location varies with time, hence we will employ the material derivative
rather than the Eulerian time derivative on the boundary. In the following subsections, we
will concentrate on how to define the values of W;x at the ghost points.

3.1 Boundary treatment for Euler equations
In the ILW method, we rewrite three-dimensional Euler equations in the form of primitive

variables

U + A(U)U, + BAU)U, + C(U)U, = 0, (16)
where

U= (ouv,wp),

A(U), B(U) and C(U) are Jacobian matrixes, given as

u p 000 vO p 00 w00 p O
0uoo% Ov 0 00 Owo 0 0
AU)=|0 0 00 |,BU=]00 v 0% ,cuy=loow 0 0|,
00 0uo 00 0 voO 000w%
0 pc2 00 u 00 pct0 v 000 pc?w

and ¢ = /yp/p.
For any ghost point P;jx = (x;,yj, z), we first find a point P, = (x4,¥4,24) € T'(¢) so
that its normal vector n outside the rigid body would pass through P; ; :
X4 = X;+ rsing cos9,
Ya =Yc+ rsing sin6, 17)

Zy = Zc+rcose.
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The normal vector (from fluid to rigid body) of P, is
n = (—sing cosf, —sin g sinf, — cos ¢).

Then, we rotate the coordinate axis locally at P, such that the x-axis of the new coordi-
nate system is in the same direction with n. We want to remark the fact that the rotation
is not unique due to ¥- and z-axis can be any orthogonal vectors in the tangent plane
with respect to the rigid body at P,, but it will not effect the results via ILW procedure.
Particularly, in Appendix B, we prove the following theorem:

Theorem 1 The ILW boundary procedure for the Euler equation is independent of the
choice of the rotation, i.e, we can get the same boundary scheme even with different choices
of rotation.

Therefore, we can get the same formulation even with different choices of tangent vec-
tors. Here, we give one of these rotation methods and apply it to our later computation.
The new local coordinate system (%, ¥, Z) and the coordinate transformation matrix T are

given as
x x —cosf -sing —sinf -singp —cosg
y|=T|ly]|, and T= sinf —cosé 0 . (18)
z z —cos6 -cosp —cose -sinf sing

Consequently, we can prove that the Euler Eq. (16) has the same form in the new
coordinate system as those in the original coordinate system:

U, + A0 U; + BO)U; + c(0)U; = 0, 19)
with
u u
U=(p i, w,p)T, and v1=T]|v|. (20)
w w

Next, we can approximate the values lAJi,j,k at point P;;; by a Taylor expansion at point
P,. For instance, a third order approximation is given as

A N A 1 N

U = U, + (- mUP + S n)2 U2, (21)
where r is a vector going from P, to P;;, ﬁﬂ (or 0 ;0)) is the point value at P,, and C 9)
and U are the normal derivatives fJ;C| p, and LAI;C;C| p,» respectively. It can be extended to
arbitrary high order accuracy easily by keeping more terms in the Taylor expansion. For
the current third-order scheme, we just need to get the values 0 m=0,1,2.

Before that, a local characteristic decomposition should be done at P,, with the eigen-

decomposition

AU, =L AL,
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where, A is the diagonal matrix consisting of the eigenvalues of A(U), and L forms from
the corresponding left eigenvectors {1y, . ..,15}:

iyl - s

L —d LT by by bs
a = U1,...,15 =

Isy lsp -+ Iss

Notice that the point value U, is unknown, we will use the WENO extrapolation to
obtain the approximation ﬁfj‘t (see Appendix C) and then substitute it into the formula-
tions above, obtaining L, = L(ﬁ;xt). After that, convert the original variables U to the
characteristic fields V = L,U. Since the eigenvalues of A(f}) are

ﬁ_c, Z:i, i\l; l:t,l:i"_C,

the moving speeds of five characteristic lines relative to the boundary normal direction
are —¢, 0, 0, 0, ¢, respectively.

3.1.1 Reformulation of the material derivative in 3D
In the ILW procedure, we convert normal spatial derivatives to tangential and time deriva-
tives of the given boundary condition using the PDE. Specifically, for moving boundaries,
we would employ the material derivatives of the boundary conditions. Details will be
shown in Section 3.1.2. For any function § € C1(R3 x RT), the material derivative is given
as

% = 37g + ua—g + va—g og

- % 22
Dt = Mok Vay Va2 @2)

where, (&, v, w) is the flow velocity. Unfortunately, the definition above can not be used
for the functions defined on boundary only, such as the normal vector, since the spatial
derivatives may not exist. Therefore, for the functions limited on the surface in three-
dimensional space, we will give a new definition of material derivative, which would play
a key role in the ILW method in the following subsection.

Suppose that the three-dimensional moving boundary I'(¢) is given as

Xb = (x(fl, 72, t)ry(rlr 72, t): Z(tlr 72, t)):

where (71, 72) are parameters in [ 719, T11] X[ 720, T21] - For example, the surface of a unit
sphere in 3D can be described in spherical coordinates:

x = sin(tr1) cos(t2), y = sin(ry)sin(rz), 2z = cos(12),

where, (71, 72) are parameters in [0, 27] x[ —7/2, 7w /2].
Xy

and =

Assume that, the parametric equation I'(¢) is regular, i.e., %
pendent. Thus, %, % and n form a basis of the three-dimensional space. Then, the

velocities of the fluid and the boundary can be written as follows:

are linearly inde-

Xy X,
u= unn—}-uTlTTI +Mr2£,

0Xp Xy
V, = Vb,n n+ Vb,n?ﬁ + vb,l’z

(23)

£
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Definition 1 Suppose there is a function defined on T(t): g(t1,72,t) €
Cl([ 110, T11] X[ 720, T21] XR1). The material derivative is defined as:

ag
L(g = f+(un Vbn) +(uf2 Vb,m)a?z. (24)

Moreover, it has the following property, which indicates the equivalence between our
new definition (24) and the traditional definition of material derivative on no-penetration
boundary.

Theorem 2 Suppose I'(t) = (x(11, T2, 1), y(T1, T2, 1), 2(T1, T2, t)) is a smooth surface in
three dimensions, and the no-penetration boundary condition holds on T'(t), ie. u-n =
Vy, - n. For any g(x,,z,t) € CL(R® x R"), we can define a function g on T'(t):

g(rly 72, t) = g(x(tly 72, t)ry(rl) 725 t): Z(TI» 72 t)r t)~ (25)

Then the following equation is true:

Dg 0g
Lig) = = = = 4+ Vg 26
@ Dr 8t+ g- (26)

where % is the material derivative given in (22).

Proof According to the formula (23) and u - n = Vj, - n, we know that u,, = V},,,. Using
the chain rule, we can obtain that
dg 0g  dgodx  0gdy 03¢0z g

_ _ 2% vz.v,
ot a9t axor ayor Tozar ar  E P

dg  9g ox ag dy ag 9z __ X
g _dgox gy gz _ . 9Xp

a1y 0x 811 ay 011 0z 0Ty g Tﬁ’

dg dg dx  0g dy  0g Oz . 0Xp
3ty x0Ty dydTy 9z 9Ty ATy
Therefore,
og og og
L(g) o + (uy Vhrl)g + (Ug, — Vb,‘[Q)i
_98 v b (e, — Vo)V - X0
= u
“ar T V& Vot ln = Ven)VE -
0Xp -
+ (Mrz - Vb,rz)v 371'2 + (up — Vb,n)Vg -n
g | o= Dg
e T8N T Dy

This completes the proof.
In the next subsection, we will use the definition L (24) on the given boundary con-
ditions in the ILW process. For easy notation, we write L(g) as g‘f in the following

subsections.

3.1.2 ILW method
With the boundary conditions and the material derivative given in Definition 1, we now
proceed to construct I:T;m) = ((l:[l)ém),. (L[5)(m))T, m=0,1,2.

e At first, we want to find the value of U The no-penetration condition
it =0 -n =V, ncan be rewritten as

(()® =V, -n
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Do the extrapolation of those outgoing characteristic variables, and we have the
following equations

lj~ﬁ;0) = (‘/f)¢(10)’ j=2,...,5,

where, (V;)E}” are obtained by the WENO extrapolation. Hence, those equations tell
us a system as

01 0 0 0 (&)Y V,-n
by b b3 ba b ()Y (Vo))
l31 I32 I33 l34 I35 ) =1 v |. (27)
g1 lap la3 laa las A (Va)d
ls1 Is2 I53 54 Iss (Us)y (V5){

Thus, U can be obtained by solving the above system.

e Then, we want to find the derivative of US". From the second equation of Euler

equations with primitive variables we can get

Di . Dn D
PkZ—PmZP[u'm—m(Vb'n)],
where
Dn_w-V, Dh_,Dn
Dt ro Dt  Dt’
2wy m =22ty 22
Dt dt Dt

So we get o by solving the following system:

(l':[)(l)_ ﬁ.liﬁ_i(v.n)
Sa =P\" Dy Tt ’

-0 =, j=2,...,5

(28)

Again, (Vj)s) are obtained by the WENO extrapolation.

e Finally, for the second derivative U2, we will employ the idea of simplified ILW
(SILW) procedure proposed in [20], and the second derivative can be obtained by
WENO extrapolation.

Once ﬁﬁlm} ,m = 0,1,2 are obtained, we can use (21) to get ﬁi,j,k, and further U; ;x and
Wi,j,k'

3.1.3 Coupling with RK time discretization

Notice that the numerical method we have described previously is for time level ¢, only.
When coupling with the third order RK scheme (14), we need to match the time levels
when constructing values of ghost points in the two intermediate stages W and W,
In particular, the velocity & at the boundary at each RK stage is necessary as the boundary
condition, and we need to update # with the following formulations instead of the RK
scheme (14) to maintain the third order in time:

N N ou

u(l) = u}’l + At*lx:xb(l’n),l’=tn’

or . (29)
At 0u At® 0°u

~2) _ an
u = U + — — + — —F .
2 at |x—xb(tn)vt—tn ] a 51 |X—Xb(tn),t—t,,
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Asin [18], we can use a standard Lax-Wendroff procedure to get the time derivatives as we
want. More specifically, employing the second equation of (16) repeatedly, we can get the
time derivatives %—‘t‘ and ‘;272” in terms of spatial derivatives. After finishing an inverse Lax
Wendroff procedure at the time level £, all the first and second order spatial derivatives
values at x = X,(¢,) are given. Hence, we can get %hsz(tn),t:tn and %27?|xsz(tn),t:tn

with these spatial derivatives. More details can be found in [18].

3.2 Boundary treatments for NS equation
Similar to the case in Section 3.1, to define the value at a ghost point P; ik = %0, Yj> 2k)s
we set up a local coordinate system at P, by (18) at first. Then, consider the variables
and system in the local coordinate system. Again, the rotation is not unique but will not
affect the results of boundary scheme. The proof is very similar to the Euler equation in
Appendix B. We will not repeat it here.

Due to the fact that the Dirichlet boundary conditions are given for velocity @ and
temperature T, we rewrite the Eq. (8) with respect to the new variables

U= (p,i,0wT)T,
and then,
U, + D(U)U; = E(U)Uy; + Res, (30)

The matrixes and source term are given as

i o 000 0 0 0 O 0
T ~ 4
R 2 u 001 A O35 0 O 0
DO=|0 o0 @00, EU)=[0 0 gm0 0 |, 31
~ 1
0 0 Ouo 0 0 0 @ 0
i 4
0 (y—DT OO0z 00 0 0 5k
and
Res; —p (V5 + Wz) — Vp; — Wpz
Resy ﬁ(ﬂj@, + s + %1’)&5, + %ﬁ/f&) - f/lftj, — Wity
Res= | Res3 | = ﬁ(%f/&}; + Vg + %it;cj, + %171/5,2) - %Pj, — lA/f/j, —wiy |, (32)
Resy s (g + 3 + Sitgs + 3955) — 2Py — Divy — i
Ress reopr Dy + Tiz) + NLT
with
V7 —g(fr + Dy + W) 2 4 2002 + V2 4 W2) 4 2(0; + i4)?
Re - p 3 % Jy z X y z X y (33)

+2(wg + 1',22)2 +2(vs + 17V5,)2) .

Again, the values IAJ,f,j,k at point P; ;i will be approximated by a Taylor expansion in -
direction at point P,. Once obtaining the point value U,,, and normal derivatives U and
C ;2), we can get the third order approximation of lAJ,',j,k via (21).

Note that in the boundary treatment for the Euler equations in Section 3.1, the bound-
ary values UU™ are obtained via either the ILW method based on the boundary conditions
or the extrapolation of the outgoing variables. However, for the compressible NS equation,
totally different boundary treatments are needed for the diffusion-dominated and the

convection-dominated regimes. Hence, [28] designed the numerical methods based on a

Page 12 of 29
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careful combination of the boundary treatments for the two regimes and obtained a stable
and accurate boundary condition for general convection-diffusion equations with either
still or moving boundaries. Here, we extend the numerical method to our 3D model with
the given isothermal no-slip wall boundary condition.

3.2.1 The material derivative in 3D

For the NS equation with moving boundary, the material derivative is also necessary in
the ILW method.

DU . .
E= t+u 5&+V 5/+W 2.

For the no-slip boundary, the material derivatives for the boundary and fluid are the same,
DU _ Dﬁb
Dt Dt
Moreover, since T}, is constant, hence DT}, /Dt = 0. And Da/Dt = dVy,/dt equal to the
acceleration of the rigid body. As a consequence,

Dp N A A

Dy TPt V5 ) =0

Du 1 1 4, . . 1, 1,

Dr + ;P;C = @(guﬁc + Uy + Uz + gV;C}”, + gW,}%)

Dv 1 1 . 4, . 1, 1,

Dr + ;p;, = @(Vgc;c + gVﬁ + Vs + gu@ + §W5,2) (34)
Dw 1 1 . . 4, 1, 1,

Dt + ;pg = @(W;@ + w5 + §W22 + gbt;cg + ng,g)

DT . A N 14

o7 T = DT+ 95+ ) = m(m + T35 + T3) + NLT

3.2.2 ILW method
In particular, the derivatives UY", m = 1,2, are a combination of those derived from the
ILW procedure and the extrapolation procedure from interior points. For easy notation,

we use the subscript “ilw" and “ext” to denote derivatives U™ obtained through the ILW

procedure ﬁ;”;l) ., and the extrapolation IAJ;VZ;,:, respectively.

Here, the matrix D(U) is also diagonalizable,
D) = L' ADLD),

with A(U) = diag{ti — ¢, i1, 11,4, it + c}. Hence, considering the characteristic variables
V = Lafl, the components Vj,-- -, V5 are the outflow variables, and V) is the inflow
variable. Again, IAJZ“ is used in the characteristic decomposition.

e Construct the point value U Note that the boundary condition (9) gives the value
of wand T at the boundary I'(¢) directly, so we can set

)P =iy, U =0 U =0, (Us) =Ty (35)
Since V5 is the outgoing variable, we have the relation that

Is - ﬁ;o) =Vs=1I5- 8350

aext*
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Therefore, we can obtain the value of (1:11)510) as follows,

)

( 1) ~ (0 ~ A (0 A (0 ~
(@i = ﬁ 2 (Us)goe — (U5)Y + [y - (Us) oo (L) o — (T)D) ).

5)a,ext

(36)

e Construct the derivative value U Combining the definition p = p T and material
derivative Diz/Dt in (34), we have that

218 (0) 77 ) A0 Q) (0) Dbtb 1 4 NI 1 A 1 A
(US)a (ul)ayﬂw'i'(ul)a (u5)a,ilw = (U) Dt +E guxx+uyy+uzz+§vxy+ gwxz .
Given the outgoing performance of V3, ..., V5, we have the relation that
L-00, =)D, j=2...,5

The second derivatives on the right hand side and (Vj)él) are obtained via

extrapolation. Thus, we can have o by solving the system. Then,

a,ilw
. 22 9¢2
__cn s YT /D
U“ T o2n2 4 962Ua,ilw + 2h? + 962Ua ext* (37)
with e = max{ﬁ, ﬁ, Pﬂ}g—m} and i = /Ax2 + Ay2 4+ AZ2.
e Construct the derivative value US,Z) . Based on the boundary condition (34), the
second derivatives ({) @, .. ., ({5)® satisfy equations and we set them as “ilw":
N 3Rep (Duy, 1 1 N 1. 1.
(Uz);,i)lw = (Dt + ol @(uﬁ izt vyt oW )
@ Dy 1 1 4, 1. 1
(Ug)ﬂ o = Rep Dr + ;PJ; — —(71/5,5, + vz + gu&j/ + 3Wyz)
(u4)a,ilw = Rep Dt + ; ( y + sz + guxz + 3V
~L(2) RB,OPV DTb
Usyy = = | 57 v = DT + 05+ 2) = 2 (Tj5 + Tzz) = NLT ).

There is no diffusion term in the first equation of (34-), so we just take
(g, = (g,

a,ilw a,ext’

we can solve the system to get U(Z) . Finally, we have that

(@)= 7 (@) 2T () &)
e — c2h2 -}—96]2 / a,ext c2h2—|—9ej2 / a,ilw,

. 4 1 1
with {61: €2, €3, €4, 65} = {0) 3Rep’ Rep’ Rep’ Pr}gep ]

3.2.3 Coupling with RK time discretization

When coupling the third order SSP RK time discretization, we need the value of

(fl,)t lp,.., and (fl,»)tt Pt ] =2,...,5,to obtain high order accuracy in time via (29).
Fix at the boundary (x,7,z) = P, and t = ¢,

DU . /A /A A
o = (@), + (&), +0 (), +n (1),

A D
we can take <L[,) = (L[,) which is obtained from the previous boundary treatment,
a

x
and (I:[,) and (I:[,) can be approximated through extrapolation. Moreover, from the
y

z
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previous section, we can see that for the compre551ble viscous ﬂuld / at boundary is

given via boundary conditions. Hence, we can have D—t’ directly. Thus, for ji=2,...,5

R pi, . O .
(Llf)tl(x,y,z)=Pa,t=tn (7Dt — i (L[) —Vp (U,) — Wy ( ) Ny,)=Pat=t,- (39
Look at the second material derivative
DL ) ), 5 ) 20, <30, )
_ 9% (7 97 (7. 9%b (7. i P : W :
Dt2 ar \ Mz oar )57 g Y b a0 b\ ) T e\ )y
+ 21,V (U]> + 20wy (U]) + 20wy (I:[/> + 211, (A ) 421 (LA[]) A
L. ty
+ 20 (Uj)A-f—(Ijlj) .
t t

Here, (d:th, di)vtb’ d(';;b)T are the acceleration of the boundary. In particular, the spatial

derivatives <L[]) and ([I,) ’ (o, B can be %, ¥ or 2) at (P, t,,) are already obtained via
o o,

the ILW process t,. Hence, we only need to deal with (I:Ij)tk, <[[j)ty and (LI,) . Those
values can be simulated through the standard Lax-Wendroff idea, i.e., turning the time
derivative into spatial derivatives via PDE, and then approximating the spatial ones. How-
ever, the process would be very complex and the computational cost is large. Notice that
the time derivative ([[,) |ijk at time £, is already known. Hence, the mixed derivatives

<I:I]> (LI]) and (LI,) can be approximated by the spatial extrapolation.

4 Description of the moving rigid body
Under the impingement of the shock, the rigid body will move in the fluid. Here, both
translation and rotation of the body should be taken into account. For each point X; =

(x> ¥b, zp) € T'(2), the velocity is given as
Vb == Vtr + w XTr,

where, Vy, is the translational velocity, w is the rotation velocity, and r is the vector from
the boundary point to the centroid coordinates X (t) = (x:(£), ¥.(£),z.(¢)). Furthermore,
Vi and w satisfy the equation

% =Vp, % = ay, %} = ay, (40)
with the translational acceleration a; and rotational acceleration ag determined by New-
ton’s second law and rotational law respectively. In particular, for the inviscid fluid,

May = f pndS’
re (41)

Tay :.(f pr x nds.
ING)

Here, M is the mass of the sphere, n is the external normal vector of the surface (from
the rigid body to the fluid), and I is the moment of inertia of the sphere. While, for the
viscous fluid,

May = (pn—1-n)dS,
I

(42)
Iag :f rx (pn—1-n)dS,
I @)
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with 7 being the matrix defined as T = é[ Tij]3x3-

For the surface integrals in (41) and (42), these integrals can be expressed in the double
integral form with spherical coordinates. More specifically, we divide the integration area
into uniform grids in two directions, and then can use the two points composite Gaus-
sian quadrature to integrate these double integrals. And the integrand can be obtained by
extrapolation at each Gaussian point.

5 Numerical results
In this section, we will show a series of numerical examples. Time step is taken as:
CFL Ax Ay Az
A/ D54y [ Ay + 02/ A2 max([Val)” max([Viy])” max([Viel) ) 4

At = min(

for Euler equation, and
CFL
Ax/ A%+ hy/ Ay + Az / Az + Ag(1/Ax® + 1/Ay> +1/Az2)’
Ax Ay Az
max(|Vyl) " max(|Vpy))’ mraxavb,zb)’

At =min <
(44)

for NS equation, with A, = rr}%x [ijl + ¢ Ay = mix Vijrl + ¢ Az = m%x [wijxl + ¢ and
ij ij ij

Ag = max(ﬁ, ﬁ, %). We take CFL = 0.3 in our numerical simulation, and the

constraint (15) is automatically satisfied.

5.1 Anexample of accuracy test
In this example, we construct an inviscid isentropic flow and measure the entropy errors
to verify the accuracy of our algorithm. This model is obtained by stretching the 2D model
(see Example 4.1 in [13]) in z-direction. But we do use the 3D algorithm introduced in
this paper to solve this problem. Specifically, the 3D example is given as follows:

The governing equation is the Euler Eq. (6). The computational domain is taken as
[ —4,4] x[—4,4] x[—0.5,0.5]. The boundaries in x- and y-direction are all solid walls. A
moving rigid cylinder with radius R = 1.0 and mass M = 1.0 is initially placed in the
domain paralleling to the z-axis, and the central axis is located at x = y = 0. It will
move under the impingement of inviscid flow in the domain. The initial flow should be
isentropic, smooth and consistent with the boundary condition such that the flow keeps
isentropic as long as the solution stays smooth. Therefore, we set

1 2
u(x,y,z,0) = —3 (Al(x,y)ul(x,y) + A2(x,9) ),

1
V(%2,2,0) = 5 (@& y)v1 & y) + A2 (% 9)va (%, 7)),

w(x,9,2,0) =0,

px,5,2,0) =1,

px,9,2,0) =1,
where

Aoy) = (4V2 —D(/a2 +92—1)
W16+ - D16 +42 - 1)
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_ Va2 + 92 (2 — 16) (y* — 16)
A2 (%, y) = ( > 16) (L - 16) ,

2y 22y?
and
. T .2 (T
u1(x,y) = sin (Zx) sin (Zy> s

vilx,y) = sin? (%x) sin (%y) )

1 T
vo(x,y) = E(x2 +y2 -1 sin(Zx),

and we set the initial velocity of the moving cylinder as V;, = (—0.5,0,0)7.

Aslong as the solution stays smooth, it maintains the isentropic flow, i.e., s(x, y, z, £) = 1.
In particular, solutions on any xy-section plane are the same as those in 2D. Hence, we
use zero spatial derivative on the boundaries in z-direction to guarantee two dimensional
property of the flow around the cylinder. We use the reflection boundary condition on
the boundaries in x- and y-direction, and the moving boundary algorithm proposed in
this paper is applied to deal with the cylinder boundary.

In Table 1, we give the entropy errors and the rate of convergence at ¢ = 0.5 when the
solution is smooth. It is observed that the scheme can achieve the designed third order
accuracy.

5.2 Interaction between shock wave and a cylinder

This example is the three dimensional version of Example 4.3 in [13] and Example 5 in
[28]. We use it to verify the correctness of our algorithm. As in the two papers, the com-
putation area is taken as [xy,x,] X[y, y:] X[z, 2:] =[0, 1] x[0,0.2] X[ —0.5,0.5]. At the
initial time, a cylinder is parallel to y-direction with its center located at (0.15, 0.05, 0). The
radius and the density are given as » = 0.05 and 0 = 10.77, respectively. A shock wave
is located at x = 0.08. We test the example with Mach number M; = 3. In z-direction,
we use zero spatial derivative on the infinite boundaries to guarantee two dimensional
property of the flow around the cylinder.

¢ Compressible inviscid fluid. We plot the pressure contour in Fig. 1 along the cross
section of z = 0 at two typical time points.

e Compressible viscous fluid. We take Re = 1000, Pr = 0.7, and T}, = % We plot the
pressure contour in Fig. 2 along the cross section of z = 0 at two typical time points.

Our numerical results consist with those of two dimensional ones in [13, 28], indicating
our method for three dimensional problems is correct.

Table 1 The example 5.1: entropy errors and convergence rates

h L' error Order L error Order
1/5 7.47E-002 - 1.14E-002 -

1/10 9.57E-003 297 221E-003 237
1/20 1.03E-003 322 2.73E-004 3.02

1/40 1.11E-004 321 3.14E-005 312
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0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(a) t=0.16410

0.15
0.1
0.051

(b) t=0.30085

Fig. 1 The example 5.2: pressure contours of compressible inviscid fluid around a 3D cylinder. Ms = 3

5.3 Interaction between shock wave and a sphere
The computational domain is taken as [x;,x,] X[y, yr] X[21,2,] =[0,1] x[0,0.2] x
[ —0.5,0.5]. The initial position of the spherical center is (0.15,0.05,0), with the radius
r = 0.05 and the density ¢ = 10.77. And a shock wave is located at x = 0.08 initially. We
test the example with M; = 3 and M; = 6.

In the early stage of computation, the sphere is impacted by the shock wave to produce
a reflected shock wave, and the reflected shock wave hits the lower wall to generate a new
reflected shock wave, causing uneven pressure distribution on the upper and lower sides
of the sphere. The uneven pressure causes the sphere to move upward. Figures 3 and 4
show this procedure for inviscid fluid and viscous fluid respectively.

Later, the reflections of Mach shocks from the walls reach the sphere, generating more

structures. Those structures will vary with the fluid.

“,mw)) S

01 o o 04 05 06 07 08 09
(a) t=0.16410
UV u T — “
0.15 | 0]
0.1 &=
0.05

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(b) t=0.30085

Fig. 2 The example 5.2: pressure contours of compressible viscous fluid around a 3D cylinder. My = 3
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0.1512 2 0.15(%
0.1 0.1fF
10
0.05[¢ 0.05(¢
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01 02 03 04 05 06 07 08 09

(a) t=0.01 (b) t=0.02

06 0.7

0.151
0.11%
0.05[

0.15%
018
0.05%

0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9

(c) t=0.03 (d) t=0.04

Fig. 3 The example 5.3: the early stage of the interaction of a plane shock wave and a sphere in inviscid case
for Mach number My = 3. Pressure contours along z = 0

¢ Compressible inviscid fluid. Figures 5, 6 and 7 contain the time evolution of the
interaction of a plane shock wave and a sphere for Mach number M = 3 and M; = 6
respectively. The pressure contours along the cross section of z = 0 are plotted. We
can observe that there is a reflected shock wave when the incident shock wave
interacts with the sphere. There is a second reflected shock wave when the reflected
shock wave interacts with the upper wall. The second reflected shock wave hits the
sphere again and forms a secondary interaction. The rigid body would be under
greater stress in fluid with a larger Mach number. Consequently, the body would
move faster. These numerical results show that our numerical method is robust in
the computation for the supersonic flow with high Mach number.

e Compressible viscous fluid. We take Re = 500 and 107, Pr = 0.7, and T}, = % The
time evolution of the interaction of a plane shock wave and a sphere for Mach
number M; = 3 and M = 6 is plotted in Figs. 8,9, 10, 11 and 12. Again, the system
of shock waves is observed clearly, and results are significantly different with different
Mach numbers. However, there is no discernible difference when changing Reynold

number.

In addition, 3D pictures of the iso-surface of vorticity and the contour of pressure of
the inviscid fluid and viscous fluid are given in Figs. 7 and 12, respectively. The numerical
results demonstrate that our methods are stable and efficient for general cases.

(a) t=0.0

0151 2 01512
0118 018
10
0051 ( 005
" 0
01 02 03 04 05 06 07 08 09

0155
011
0.05F

015
0.18
0.05

(¢) t=0.03 (d) t=0.04

Fig. 4 The example 5.3: the early stage of the interaction of a plane shock wave and a sphere in viscous case
for Mach number M = 3, Re = 1000. Pressure contours along z = 0
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0.15
0.1
0.05

Fig. 5 The example 5.3: the time evolution of the interaction of a plane shock wave and a sphere in inviscid
case for Mach number M; = 3. Pressure contours along z = 0

6 Conclusion

In this paper, we develop the high order numerical boundary treatments for compressible
inviscid fluid and viscous fluid, and further use them to simulate the interaction between
a complex moving rigid body and a shock wave in 3D. Schemes are based on the finite
difference methods on fixed Cartesian meshes in complex moving geometries. Values on
the ghost points can be obtained through a Taylor expansion on the boundary in the
normal direction. And we can construct point values and normal derivatives via ILW pro-
cedure or extrapolation, or their combination according to the equations and boundary
conditions. This is an extension of our works [13, 28], in which the boundary treatment
was designed for 2D problems. Different from the 2D case, the local coordinate rotation
required in the ILW procedure is not unique in 3D. We prove that the choice of the rota-
tion will not affect results of the boundary treatment. Hence, we can choose a simple
one in our simulation. On the other hand, the material derivative for inviscid fluid on the
moving boundary with no-penetration condition is newly given. Consequently, we can
simulate the body with both translation and rotation. In the numerical tests, we show the
results of cylinder and sphere, indicating our algorithm is effective and robust.

0.15F 0.15|
0.1 0.1F
0.051 ) 0.05
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
(a) t=0.05000 (b) t=0.07293
T T u o 60 T T T T u T 60
011 o 011 .
L 3 20 \@} 20
EE [ (NS Dol R@K{f\dn‘ ; :
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

(¢) t=0.11852 (d) t=0.16410

Fig. 6 The example 5.3: the time evolution of the interaction of a plane shock wave and a sphere in inviscid
case for Mach number Ms = 6. Pressure contours along z = 0
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pressure: 1 4666 8332 11.998 12 pressure: 1 4666 8332 11.998 12

(a) t=0.07293 (b) t=0.16410

pressure: 1 4666 8332 11.998 12

(¢) t=0.30085

Fig. 7 The example 5.3: The iso-surface of vorticity w = 15 of the interaction of a plane shock wave and a
sphere in inviscid case for Mach number Ms = 3. The red line is the contour of pressure on xy- and xz-section
plane going through the center of the sphere
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Fig. 8 The example 5.3: the time evolution of the interaction of a plane shock wave and a sphere in viscous
case for Mach number M = 3 and Re = 500. Pressure contours along z = 0
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Fig. 9 The example 5.3: the time evolution of the interaction of a plane shock wave and a sphere in viscous
case for Mach number Ms = 3 and Re = 107. Pressure contours along z = 0
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Fig. 10 The example 5.3: the time evolution of the interaction of a plane shock wave and a sphere in viscous
case for Mach number Ms; = 6 and Re = 500. Pressure contours along z = 0
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Fig. 12 The example 5.3: The iso-surface of vorticity w = 15 of the interaction of a plane shock wave and a
sphere in viscous case for Mach number Ms; = 3 and Re = 500. The red line is the contour of pressure on xy-
and xz-section plane going through the center of the sphere

Appendix A: WENO method

Numerical fluxes f—'i+1 /2,j.k> Gi Jj+1/2,k and l:[i Jjk+1/2 can be approximated in a dimension-
by-dimension fashion. This means the numerical flux lA:H_l /2,k is obtained by the one
dimensional WENO reconstruction with j and k fixed. Likewise, the numerical flux
(Ai,«,jﬂ 2,k (or I:Ii,l',k_l,_l /2) is obtained by one dimensional approximation procedure with i
and k (or i and j) fixed. In the following part, we give the details of the third order WENO
procedure to construct lA:,»H /2,.k- And for ease of notation, we ignore the indexes j and k
here.

1. Compute an average state W12, using either the simple arithmetic mean

1
Wit12 = 3 (W, +Wii1),
or a Roe average satisfying

F'(Wit1/2)(Wit1 — W) = F(Wi1) — F(W));
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2. Compute the right eigenvectors, the left eigenvectors, and the eigenvalues of the
Jacobian F'(W41/2), and denote them by

R=R(Wi12), RT=R 1 Wi1), A=AWi1));
3. Transform all the point values W; and fluxes F; = F(W/;) which are in the potential
stencil of the WENO reconstruction to the local characteristic fields:
W, =R'W,, FE=R'F, j=i—1...,i+2
4. Do the flux splitting:

R .
B =3 (B£aW), j=i-1...i+2,

where, @ = max; |A;(F'(W))| takes over the relevant range of W, and A; are the
eigenvalues of the Jacobian F'(W);

5. Perform the scalar WENO reconstruction procedure for each component of
Ft = (ff, ceo f;) ’ on the left-biased stencil to obtain the corresponding

+

T
component of the fluxes ?3-1/2 = ((ﬁ) " AR (}75)3_1/2) . We summarize
i+

the procedure for each component/=1,...,5:

(a)  On the two small stencils SV = {x;_1,x;} and S® = {x;,x;41}, we have
the low order approximation

2 1 -~ 3 -
1
(fl)§+)1/2 = _E(fl)i—l + E(fl)i,

2 1 - 1 -
(2
(fl)prl/g = E(fl)z + E(fl)Hl,
and the linear weights
1 2

di=—-, dy=—;
=3 73

(b)  Change the linear weights d, to nonlinear weights w,:

(o o = dy
"B+

with € = 107° to avoid the denominator being zero, and the smoothness

- ’
o1 + o

r=12,

@y

indicators B, on each small stencil are given as
p1= ((fz)iq - (fl)i)

- ~ 2
pr = (i = (i)

(c) Find the third order reconstruction

2
)

P+ 2@ 2@
Div12 = 010D if10 + 0201

6. Construct 13;_1 /2 based on F~ and the right-biased stencil. The process to obtain

A

| /2 Is mirror-symmetric to that for i:Iul 2 with respect to the target point

Xit1/2;
7. Form the numerical flux as

A A

2 5. 5
Firip=Fyp+F
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8. Transform back into physical space

f"i+1/2 = Rf:iﬂ/z.

Appendix B: A proof of Theorem 1
We prove the boundary treatment of the Euler equation here. The theorem also holds for
the Navier-Stokes equation, and the proof is similar.

As before, assume P;;x = (x;, ), zx) is the ghost point we are concerned about, P, is its
pedal point at the boundary, and n = (11, 13, n3) is the normal vector which points from
Py to P;ji. We choose th = (11,43, 43), 2 = (t1,13,13) as two orthogonal tangent vectors
to take the rotation. The rotation matrix can be written as follows:

ny ny n3
T=\|4 & 4
gt 8

With this rotation, we have:

~ (k) *)
Mal,ext Ma];ext
~(k) — (k) —
Va}fxt =T Va}fxt 4 k = 0’ 1’ 2
~ (k) (k)
Wa,ext Wa,ext
where ugfe)xt, vg;}xt, w;lfe)xt can be obtained by extrapolation without using t' and t>. And

the local characteristic decomposition can be written as:

1 (OREO)] 1
(‘A/l)f(zk) loc(lke)xt 0 —23V YPaextPa,ext 00 2 po(zke)xt
~, (k) A (k) 0 0 01 0 ~ (k
(VZ)ﬂk Mal;ext 0 0 10 0 Maléext
P =L | 10, | = o || e |- k=012
0 (k) A (k) 1 O O O __ _Faext N (k)
V. w w
oo i o
(V5)a Paext 1 ) (0) 1 Paext
0 3V YPa,extPaext 00 2

Substitute the above characteristic variables into the right-hand-term of equation (27)
and solve the linear system, we get:

.\ (0)
(0) ~(0) ~
(ul) = Pa,ext Ugext — ub) ’

AN 0 0 0 0 0 0
<U2> T (muﬁ,,gm + MoV + ”3sz,2xt> + (”1 Ul + v + }’IBW((/z,e)xf) )
.\ (0)
1 (0) 1.(0) 1)
<U3> =UUgext T 0Vaext T B3Waexts

= QUgent T 0Vaens T B3Waenr

.\ (0)
© © O (20
<U5) = Paext T W (uﬂ,ext - ub) .

~ 1\ (0)
(LL;) 2. (0) 2_(0) 2. (0)

Apply the relation
10000
0m t] 80
U =lomdio|l0P k=012 (45)

0nstlt20
00001
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We have

W@ = o [ 1+

o a,ext

0)
vp, a,ext

U)® =y (Mb - (”lu;,gxt + ”ZV;,gxt + HSW;,gxt)> + e

a,ext’
~ 0 0 0 0

W)@ = (Mh - (nlufz,gxt + 13y + ”3sz,3x¢)> + Vo
~ 0 0 0 0

U™ = n3 (Mb - (nlué,gxt + 12y + n3W£z,gxt)> + Wt

0 ) [, 0 _(0) (~(0) A
(U5)( ) = Paext TV VPaext Paext (”a,ext - ”h) :

Here, the orthogonality of rotation matrix T is used. And we can see that all the terms
here are independent of t! and t2.

Similarly, substitute the characteristic variables into equation (28) and solve the linear
system, we get:

3
©) D @® A ©0) 2
~ (1 1) (0) Paext Dt ~ Paext | Du Paext ~(0) N
(U1)< ) = Paext T Paext 0) + Dt ) (”a,ext - ub) ’
ypa,ext ypa,ext
2 1 1 1 ~
(@)D = muly ey + 12y + 13 Wy + s,
(1 1,1 1. (1) 1.1
(U3)< ) = HUgext T 0Vaext T 13Waenp
7 (1 2 (1) 2. (1) 2. (1)
(U4)( ) = HUgext T 0V ent T 13Waeonp
~ 0)
rra(1 0 Di Paext [ ~(0) N
(US)( ) = aext oy 1+ © <ua,ext - Mb) ’
Vpa,ext
where
Du . Dn d V, - n)
=u:-— — — -n
Dt Dt dt "
and
0) Di €5} A~ (0)
P _pa,extﬁ? —Paext % Paext (A(O) _ I)h)
res — a,ext
© (0 Dt ,,,® ’
Vpa,extpa,ext ypa’ext
are terms which are independent of t' and t2.
Apply the relation (45), we get
3
©) Di (€Y)] A (0) 2
un® = , W 0) pa,extﬁ? “Paext  Du | Pgext (0) N
U = Pgext + Paext © Dt 0) Ugext —Ub) |~
YPaext YPaext

~ 1
(UZ)(I) = HlUres + u;,gxt’

~ 1
(U3)(1) = NoUres + V;,gxt:

~ 1
(U4)(1) = N3Ures + W;,gxtr

W™ = pl9, 22

o a,ext Dt

1+ aext — Ub

Paext <A(0) ~ )

Again, we can see the expression of Ug) does not explicitly contain t! and 2. Also, the sec-

ond order derivative US>, which is obtained by extrapolation directly, can be got without
using the tangent vectors.

Page 26 of 29



Liu et al. Advances in Aerodynamics (2022) 4:8 Page 27 of 29

Therefore, the ghost points can be defined by a Taylor expansion without tangent

vectors.

Appendix C: WENO extrapolation
The idea of WENO extrapolation is using nonlinear weights to combine the approxima-
tions on candidate substencils.

Firstly, we select three candidate substencils Sp, S1, Sy for extrapolation. There is more
than one way to select them. Thanks to the regular boundaries like a sphere, we can sim-
plify the traditional point finding method in [17]. Here, the inner lattice points whose
distance from point P, is less than 1.1/, 2.1k and 3.1/ are grouped to compose Sy, S1, S2
respectively, where i1 = max(Ax, Ay, Az) is the largest mesh size.

Then, for each component of V, we reconstruct a polynomial of p,, (%, y,2z) (m = 0, 1,2)
with the least square method on each candidate substencil S,,, respectively. Values of

Ky,
385:,:’ (i = 1,2,3,4) can be extrapolated as:
2
ak‘/i 8k
92k = Z dm wpm|(x,y,z):(x(a),y(a),Z(a)) (46)
m=0

where dy = Ax? + Ay? + A2, dy = JAX2 + A2 + Az%, dy =1 — doy — d.
Next, we change the approximation (46) to a WENO type extrapolation to avoid
spurious oscillation, with the following form:
*v, &K ot
= Z Wy me|(x,y,z):(x(a),y(ﬂ),zm)), (47)
m=0 x

dxk

where wg, w1, wy are nonlinear weights depending on the smoothness of the functions on
candidate substencils, taken as
Um

oy =—2—, m=0,1,2, (48)
" Zs2=0 s
with
Am
Oy = —— 2. 49
" (e + Bm)? #3)

The small number € is taken as 10~ to avoid zero denominator. The smoothness
indicators 8, are similar to those in [31]

Bo = Ax* + Ay* + AZ?,
Bm = Z // |K|2/3|M|*1(Dupm)2dxdydz (50)
K

1<|pl<m
where p is a muti-index and K =[xz) — Ax/2, %) + Ax/2] X[ Y@a) — AY/2, Y@ + Ay/2] x
[2(a) — Az/2,2(5) + Az/2]. With the careful design of nonlinear weights w,,, the WENO
extrapolation can meet third order accuracy when the function is smooth enough on all
candidate substencils.
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